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XIIL. On the Reflection and qumctz'on of Light.

By G. A. Scuorr, B.4. (Camb.), B.Sc. (Lond.), formerly Scholar of Trinity
College, Cambridge.

Communicated by R. T. GLazEBROOK, M. 4., F.R.S.
Received November 29, 1893,—Read January 18, 1894.

Introduction.

THE object of the following paper is to examine how far the hypothesis of a thin
layer of transition between two transparent media will explain in detail the phenomena
connected with the elliptic polarization produepd by reflection at the boundary of two
such media.

This problem has been approached by the following writers :—L. LoORrENZ,
‘ PoGGENDORFF Annalen,” 114, p. 460; VAN RYN VAN ALKEMAADE, ¢ WIEDEMANN
Annalen,” 20, p. 23 ; and P. DrupE, * WIEDEMANN Annalen,” 34 and 36.

LoRrENZ starts on the basis of the elastic solid theory, assuming that FRESNEL’S
formulee hold for a very small change of refractive index, and deduces expressions
holding for a finite change of refrangibility, which are slight modifications of FRESNEL'S
formulze, and clearly unsound, since a rigid elastic solid theory must lead to GREEN’S
formulee, and not to FRESNEL’s, as a first approximation. FRESNEL's formule ought
not without examination to be assumed to hold even for a very small change of
refractive index, for the rate of change of refrangibility in crossing the boundary
must be very rapid in order to produce a finite change, in a distance of the order of a
wave-length. ’

Vaw RYN vAN ALREMAADE treats only of the electromagnetic theory of light—
by successive approximation. His expressions for the change of phase are the same
as in the following paper, namely (with notation changed from his),

m®— A

2 A — (120 — in? g .
P A= (G = A) S g pan (pll) =2 S,u(, €08ty 5 5
0

2,2
1 o

tan (pl.) = 2 8, cos 1,

but for the amplitudes he gets

sin® (¢4, — %)
sin® (4, + %)

tan® (4, — %)
tan® (% +i )

[1 4 tan?®(pll)],
28,12.94

(RL)? = [1+ tan? (pl1)}, (RIN) =

The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to jo 2

Philosophical Transactions of the Royal Society of London. A. STOR ®
WWWw.jstor.org


http://rsta.royalsocietypublishing.org/

a4
I\

A A

I ¥

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

824 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

which are incomplete, taking no account of other terms of the same order involving
B — C (see p. 849, seq.).

P. DrupE treats the subject from the standpoint of Voier’s elastic solid theory,
and obtains analogous formulee. He uses KircEHOFF'S boundary conditions, and since
these are at best hypothetical, his method is not perfectly satisfactory.

In the following paper the employment of more or less hypothetical boundary
conditions is avoided by supposing the medium continuous, the transition taking place
in a variable layer of small but finite thickness, and solutions of the equations of
vibration are obtained in ascending powers of the thickness, which expressions are at

least as convergent as the geometric progression whose ratio is <g%(~l ﬁ)g, where d is
the thickness of the variable layer, u is the greatest value of the refractive index
oceurring in it, and N is the wave-length of light. Expressions are then found for
the intensities and phases of the reflected and refracted light, taking into account
terms of order d?

The consequences are examined both of a 1191d elastic solid theory, which includes
the theories of Voigr and K. PrarsoN, and of the electromagnetic theory and
Lord KeLvIN's contractile ether theory, which lead to the same result.

The elastic solid theory gives modifications of GREEN’S expressions, even when the
refractive index of the pressural wave differs from that of light, and cannot be made
to agree with experiment.

The electromagnetic and contractile ether theories lead to CavcmY’s type of
expression, the ellipticity being variable, and these agree very well with experiment.

§ 1. General Equations of Vibration.

It will be well briefly to recapitulate the systems of equations which have been
proposed to represent the periodic disturbances to which light is due.

Electromagnetic Theory.—Let =%, ne™?, (e~ Ne™?, ue™?, ve~? represent the
components of electric and magnetic force for a periodic disturbance at the point (xyz)
of the medium, where its specific inductive capacity is K—the real parts of the
complex expressions being taken in the usual way. Also let the velocity of propaga-
tion of electromagnetic disturbance in vacuo be 1/A. Then the equations of vibration
are

A
E}i %;l’ Ap . Ké= @ﬁ 2‘;‘ (and two similar pairs),
whence
0f Oy
o <8y 5;> < \ A’Kp*¢ =0 (and two others) . . (L)

These are given by Her1z (“ Ueber die Grundgleichungen der Elektrodynamik,”
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 825

¢Wriep. Ann., 40), as according with experiment for heterogeneous media in the
absence of free electricity. _

But following Lord Ravieiem (“ Electromagnetic Theory of Light,” ¢ Phil. Mag.,’
1881), T have put the magnetic permeability = 1 in HERrTz’s equations, so as to
make them give results agreeing with experiments on reflection of light and on the
scattering of light by small particles. There are also electrical experiments to justify
this course, due to HERrTz, and showing that the phenomena of, at any rate, quick
vibrations, are independent of the magnetic permeability of the medium,

Elastic Solid Theory.—Let we™?', ve™7/, we™# represent components of displace-
ment at the point (2yz) of the medium, where the effective density is p, the rigidity
is n, and the bulk-modulus is . Following Lord Ravreicu (“On the Scattering of
Light by Small Particles,” < Phil. Mag.,” 1871), we shall suppose n the same in all
bodies, and therefore constant throughout the variable medium considered. Then
the equations of vibration in LaM#’s form are

ou aw\ 0 [ou o ow'
sfer i+ G+ 2 g G -8 rea(E-5)
+ pp*u =0 (and two others) . . . . . . . (IL).

These equations include the results of the more general theories of Vorar and of
K. PrARSON. v

Vorier (“ Theorie des Lichtes fiir durchsichtige Medien,” ¢ WiED. Ann.,’ 19, p. 873)
neglects the first pressural term, and replaces n, pp? respectively by ¢ + @ — a/p? and
(m~+7) p*—mn, that is, makes the effective density and rigidity depend on the period.

K. PrarsoN (““Generalized Equations of Elasticity,” ¢ Proc. Lond. Math. Soc.’,
vol. 20, p. 291) replaces &+ %0, n, and pp2 by M 2u 4 (N4 20") p*, w4+ (W + L y) P

and by (p — )
Thus, in the general case, &, n, p are functions of the period.

There are two principal forms of elastic solid theory—

Furst.—GrEEN'S Theory—which attempts to get rid of the longitudinal (pressural)
waves by a kind of total reflection at all but very small angles of incidence, whilst at
nearly normal incidence their effect is inappreciable owing to the smallness of the
normal component.

The bulk-modulus % is made very large, the expansmn A —|— -I- IS very small,

the pressure is finite—it is not necessary “that % be greater than 100/1 to make the
effect of the longitudinal wave inappreciable. (GLAZEBROOK, ¢ B.A. Report on Optics,
1885, p. 192.)

Secondly.—Lord KeLviN's Contractile Ether Theory—Fk + 4n is made zero, so that
the longltudlnal wave is not propagated from any place where it may arise. Putting

zero for %+ 4n in equations (IL), they become of exactly the same form as
MDCCCXCIV.—A. o N
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826  MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

equations (L) for the electromagnetic theory. These two theories will, therefore, be
considered together.

We shall suppose the medium in which the disturbances take place to be perfectly
continuous, though its qualities may vary from place to place. It follows that
& m, {, u, v, w must be continuous functions of (xyz), as well as their first differential
coefficients, and this condition must replace boundary conditions at places where the
nature of the medium changes, however rapidly it may do so.

§ 2. Waves in o Variable Layer between two Medua.

For our purpose it is only necessary to consider the very special case when the
heterogeneous medium is arranged in plane layers, perpendicular to O suppose, and
we shall further suppose the variable portion to be a thin layer separating two media
of different but constant quality, into each of which the layer passes continuously.

We shall suppose plane waves incident in the first medium, which will give rise to
plane reflected and refracted waves. Take Oz perpendicular to the plane of incidence ;
then Oy will be parallel to the intersections of the plane of incidence with the plane
layers, and since the traces of all the waves on the plane layers must move along these
layers at the same rate, the coefficient of y must be the same in the expressions for
the different waves.

Letnow M\ be the wave-length in vacuo of the light e, u its refractive index from
vacuum into the Variable layer, fLQ, py the values for the two media on either side.

~ Then we have 2 (or AKp?) = — ,u. If ¢ be the angle the wave-normal makes with
Oz, the coefﬁment of y in the expression of the wave will be —2% p sin ¢, which,

. . 2
being everywhere the same, we shall write —;Zv.

4,
_*;bﬂ = m?, so that the velocity of the pressural wave is m times that

Also write

of the transverse wave.
By what has been said above, u, m are functions of x only.

And the displacements, &c., are independent of 2z, and proportlonal to e (Fv7),

Farst medium.

This is of constant quality (p,, m,) and extends from # = — o to x = 0; the
equations (II.) become

0 [ou 0 [ou 4w o )
o e <8x + 31/> + Oy (59 89:) + 7»” MO v=0 Vibrations parallel to plane

0 [ou v 0 [ou o A of incidence.
w gy (ot ) = (o — @)+ w0
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 827

2 2
%;: + 5= ay + 4; .p’ow =0 Vibrations perpendicular to plane of incidence.

These are satisfied by

. e 2muo €08 7y .. 2ming €OS iy 2oty 2my
u_—:<-——sm@0.€ X '”—}-rsmzo,{“ A x+7'%‘€ 3 %>.€L()\z/—pt)
/ . 27r,u0 co8, ‘erp.o cos z,, 2mpgaq 2y
v =(C°S7'o-é * 4+ rcosiy. € 4 w'sin 4. € & ¢ e (Fv-m)

w (ebzmo)fos{% + re 2_”%%% ) (_"3/ 1”)

Here the first term represents an incident wave, the second the reflected, and the
third a pressural wave, which last travels along the boundary x = 0, and rapidly
diminishes away from that boundary.

‘ 1
iy is the angle of incidence ; &, is a constant which is found to be -4 ,\/ <sm2 W= >

7, 7 are complex constants Re?, R'e*’; R, R’ are the amplitudes, p, p’ the retarda-
tions of phase, of the reflected and pr essural waves.

277'/"0 ,),/ 62"“0% + ( Y- pt)
oy . B

thus 7" vanishes for the electromagnetic theory and for Lord KEeLvin’s theory, for
which m, vanishes. :

The pressure is proportional to m* (gg' + g—;) -

Second Medium.

This is of constant quality (u;, m,) and extends from x = d to = w; the
equations (IL.) are

ou | Ov d [ou Ov oy ]
~lr — 5 e u=0
m? o <8:c + 8y> + Oy <8y 8@) T lf Vibrations parallel to plane of
J

0 /ou o /ow w b, incidence.
" laJkaw-'_ay)_ 3(@—5:5>+ N v=10

0 0 4or? o . v
E%; —aé': % . 2. w = 0 Vibrations perpendicular to plane of incidence.

They are satisfied by

. . 2muy o84 2mpiey 2mv .
u=-—<ssmz1.e‘ e Y T <’”"d)>.e‘ X v-n)

. rmlcoszl Zwulal o Zﬂ _
v:(scoszl.e C=D4 ¢ sing.emx @ “’).e‘(i\” )

!

2mu, cos 2w
w = 8. e‘(—li‘—‘(”' VRS o) .

5N 2
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828 MR. G. A. SCHOTT ‘ON THE REFLECTION AND REFRACTION OF LIGHT.

The first term represents the refracted wave, the second the pressural wave, which
only exists close to the boundary x = d.
7, is the angle of refraction, which obeys SNELL’S law, u, sin ¢, = » = p, sin 1,

aq 1s a constant found to be 4 /\/ (sm2 0 — ! >

my?
s, are complex constants Se, S'e”; S, S are the amplitudes, o, o’ the retardations
of phase, of the refracted and pressural waves.
The pressure is proportional to

(a’l,{, a’l) 271',“ . 27r/u,1a1 2my
o (T L W I g TR - g (T -pt)
! <8.93 + 8y> a0

The signs of R, S are chosen so that at normal incidence v shall be + for each
wave, as shown in the figure, when the signs of R, S are 4.

(/UOy mo) -
Inc. Tefl.
\L Yy
(e Refr.
X

Variable Loyer.

It extends from =0 to x = d and is continuous with the media bounding it.
The displacements and their first differential coefficients with respect to # must have
the same values at the boundaries in the variable layer and in the media beyond,
giving in all twelve boundary conditions, six of which determine the motion in the
variable layer, and the remaining six determine the constants 7, +, s, s’ for vibrations
parallel and perpendicular to the plane of incidence.

We may write the displacements in the form w. e(ﬂyﬁn) ; write also

O (2_"'K.y pt)

ou |, ov
o [OU , OV _ _ AT, .
w (g 5) = — o me( s

then u..TI are functions of @ alone, and II is proportional to the pressure, which
vanishes for those theories which make m zero.
The equations (IL.) become

27 dIl 2my dv

4 e 2AE Yu =0
xdw xdx_l'v(“ )u
4 L2 du AP _ Vibrations parallel to plane
—e e T + wev=0, of incidence.

<d“+.,gﬂv>+—~ m=0 |
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Pw | A ., o : .
do? 7 *(u*—v). w=0 Vibrations perpendicular to plane of incidence.

We shall choose u, v, I, w, so that, when =0, uw=wu;, v=10, 0O=T,
w=w, and whenx=d, v=v, w=w, where

Uy = — singy (L — 7) + agr’, vy=-cosiy (L +7) 4 vsingy. s, I,=py, wy=141,

. .o,
V;=C08 1.8+ t8In 2.8, w =S

The six conditions determining », 7". .. will be

’ dw 27 dw 2, €OS %
When 2 = 0, = == {cos?1y. (L — 1) + o sin 450"}, 5 =1 ~——O)b—"(l—-r).
, dv 2y 9 :
When s =d : u=—(sin¢.5 + o), I =ps, - =1 {cos?i;.s—a, sin 4.5},
dw 2wy, cos 4
dz e N .

§ 8. Determination of the Displacements for the Variable Layer.

It is in general impossible to solve the equations in finite terms; in the physical
problem the transition layer may be considered thin even in comparison with the
wave-length, and the equations can be solved in very convergent series, proceeding in
ascending powers of some small quantity depending on the thickness of the variable
layer. This quantity we shall take to he 8 =2md/\. Putting also £ for x/d, the
value of & will lie between 0 and 1; and the equations become

dll d
d_l_=_+ d:; S (n* — 7). u—()
d du o o o Vibrations parallel to plane of
P — i g g WA Fpo=0 ¢ dence. . . . . . . (IIL),
f +L8m2v v4 Ol =0

Z;; + 8. (p* —»)w = 0 Vibrations perpendicular to plane of incidence (IV.),
and when € =0, u = uy, v =, Il = I, w=w,; and when § =1, v = v, w = w,.
It will be necessary to treat separately the cases of the electromagnetic and
contractile ether theories on the one hand, for which m, II are zero, and of the
elastic solid theory on the other hand, for which m is very large and II is finite. In
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830 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

this latter case we shall neglect 1/m? in the small terms, which are themselves only
corrections due to the finite, though small, thickness of the transition layer.

Vibrations perpendiculor to the plane of incidence (all theories).

The equation to be solved is (IV.), p. 829, viz. —d?w/d& + 8. (p2 — »*)w =0,
with the conditions that when § = 0, w = w,, when { = 1, w = w,.

Put w =w® 4+ Sw' + ..., where d®u’/d&® = 0, Pw'/dE + (W2 — ) w’ =0, ...
and when é§ =0, W’ =wy, w'=...=0,when é =1, w' =w, w'=...=0.

These give

W= (1= &) g w=— [ (2 =) (E=m)dn+ £.[ (4 =)0’ (1= ).
whence

dwjdg= —wy+w,, dw!fdé=— f(M —)up., d»,,+[ (12 =2%) . (1 =), .

Let a bar — written over a quantity denote its greatest numerical value between
€= 0and £= 1, e.g., p the maximum refractive index.

w® is given by dw®/dé = 0, or by
1 ¢
| (w2 =) w01 =y dy = [ (w2 = ) web.
0 0

Hence w® = [ (u* — ®*) w9 dy where £ lies between 0 and 1, and therefore

w® < Lwt=D, (F=37). Now 1 = pg? sin? i, < p2< p2, and therefore (u* — »°)<p?,

and 5 < §a2.%0-D, Tt follows that w < @0, {1 +38% 2 4L &0t 4. . .} <T§“”%-%2
which is finite as long as § < /\/ or —< 5%3—7 We shall neglect powers of &

above the second, so that we may erte w = w’ -|— . wh.

Then du’/dé = w, — w,,

(%)= [ = =y
= w0 (4 = ) = w0, (02 = )0 (L= )
= wo“ll*z-(l — 9)* dy — 1’;} + wl{ﬁ.v«z-n(l — ) dy — %2}
<@1> =— jl(fﬁ = v?) w’.n dy
dE )= 0 \

1 2
= — W°-UOM2-"0(1 — 1) dn = —V(;} - wy” B dn — w}-
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Hence

, _
(f—zf> = — w,. Ll — &%

~
dg 0 (1 - ')7)2 d") _%Vz }}

[
- +'“’1'_1+82§.0’*2"7“"7)d” "}}L\] SR A
= = —aw,. |1+ 8%

]

aE /)y
y — 22 dp - Ly?
+’u1-[1 3 .“.Oy.n dn ~ v f:] )

Vibrations parallel to plane of wncidence (Electromagnetic and Contractile Ether
Theories).

| p2n (1 —m)dn — 5°

The equations to be solved are (IIL), p. 829, with m, II zero, viz.,

@ L8V£Z2£+82 = 0,

w-—~—3(,u2—-vz)u=0, df ¢

d

whence eliminating w

d M dv _
Zi?(# v d’g’) + =0,

with the conditions that when é =0, v = vy, and when £ =1, v = wv,.
Put v ="+ 8% 4 ... where

d W d AN 9.0
i) =0 (g = e
and when § =0, Y = vy, v' ==.. =0, when £ =1, 'v°=v1, v =..=0.

Write

—v? d
(€)= [" dy = £ — . LTW
so that « (£) increases as long as »* < u? and maximum of 7 < 1. We have at once

(1) — () ()
a0y T U

=~ [[w @ =m0+ ZE[ 2 r () = w3 vy,

W=,

whence

,“'2 dfuo v — Y, e . @: _ 5 o ‘ , W(l) 'n"('r)) .
w— Pl (ZE a (1) ? = dE j‘ol" N0 LM "““"W—"‘-“"a) v .dn,. .

with the same notation as before

— £
™ = -" pra(n). v@=ND.dy, JI< €<,
0
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832 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

hence
— _ - _ - 20
v <y? 00, and v <0 {14 B4 Sptt .3 < 1—:%—272,
which is finite as long as
N A
< N S

As before we neglect 6* and higher powers, and find

dv® __cos?q, dn® __cos?q;
<d”€'>§=o (1) (0 = ) (d'f )5-—-1 (1) (00 =)

3
\

2
Y .
ad - = cos?1.

since » = pwsine, and thus=——;
W

v’ 24, (!
() == @ — s ay

o
_cos?q,

= iyl m () = w3 dn 0 [ () = o) ) |

v’ cos? ¢, [!
<g§>§ -1 = - - (1)1 ‘(0 /‘l‘gﬂ' (77)- 00, Ol"’
cos? 2

BRCIOE [”0 [ tm (1) = m ()i m(n) iy 0 [ 2. £ () dﬂ :

Hence
+ e L s L () = m )} ) |
A V1.
()= = T 1+ [ # () = m @) v () | F o
o 1= e )y | )

Vibrations parallel to the plane of incidence (Elastic Solid Theory).

The equations to be solved are (IIL.), p. 829, adding the third multiplied by 8»
to the second for a new second,—

dall dv . ™ 1
’d_ég-l' waE S (u* — ) u =0, T 0321/.(1\'—;7;5)1] + 8. (u? ~ Vz)v;o,

du

II
dg—l—eSV.'v-l-S;n; =0,
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MR. G. A, SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 833

with the conditions that when &= 0, uw =1, v=1, II =1, and when &= 1,
v =,
Putu=ul + 8u' + 8% 4. ., v=0, + &' + %" +.., =1+ oI’ + 11" +.

where

W ¢
ag = iz =0
Z—%‘—I—wvo—k;;;——o, fgz ,
%—g‘l" wv'—|—%;=0, E(Z%;_W<1—%LE\)IIO'{‘(Mg—VQ)vO:O,
drre dv® '
ag T WaE T 0,
% % @ =) =0,
%Z v Z (W =) v =0,
and when § =0, 0=y W =0, MO=1, v =0 =1I'=.. =0, when £=1,

W=uv,v =..=0.
‘We have at once

w0 =g, 0" =0, (1 — €) + v, MO =T — w. (v, — v,) &
0. dy —{

+ w (v, — v) J e dn — Hof

v =0,

¢ £ 10

f = - —_ — 2
W = wj — sdp = — wveé (1 — 1€) — Lw. vé

0
é dn
m2’

P f [ (¢ :
I =f (0* = ) uldn = u,. <.[ @’ dn —vzf}.
0 [Jo

¢ ¢ 1T/ ETI
'u//:_bvv"’v,d’fi——['ndn=_[£[‘
0

o m? om? ’

.
Vo= [ (L= ) =)y — [ (2 = 03) 00 (E =)

~ wg.L@ -~ ,”7> 10, (1 — ) dy + ‘fﬁ(,ﬂ — ) (1 = 3) dn.
' = — wv"-{-[ (42 — %) ' dn.

In the same way as before denoting maximum value of v by v . . . we have,
MDOCCXCIV.—A. 50
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834 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.
w® < ppe—1) + (II(n~l)/Wb2)’ Q) < @ + (I’“2 ___'“VE) . ﬁ(n-—l)’

o) <3 pII(= D+ 1 (L“.:,,) =2,

and since v < v 4+ & + . ..

orif0 <ce<1,0<e <1,

w. {1 — 8. (=)} — 8. 0. {1 + (1/m)} = eu,,
— W& u(pr =) . {1 —p?. 8 =,
whence

—_ etty. (1 — 18%2) + ¢ 0%08. {1 + (1jm?)}
YT = DL — L8y — 38 {1+ (U} (@ — )

and this is finite, and so also are v, II, as long as the denominator does not vanish.
Writing this denominator in the form (1 — 3ad%) (1 — 586?%), we have

wt B=2(F =) + i, aB= () (= — ).

___1_
766 X w
We shall, as before, neglect &% ..., but it will be necessary to go to order &

two, < 3p% Hence u, v, II are finite as long as 8 < \/ <

in 7&; in order that the result should be correct to 6”; we shall also neglect i when
multiplied by &, since m? is about 100 (‘B. A. Rep., 1885, p. 192).

‘We have

ud = u,

. 1pd bd
(W)er = = b (g + 2) + oo — 0 [ 77 =11, | 1

g M o m?
(W)emr = .( —5 dn =0, u” being multiplied by &
() =y = Iy — w (vy — )

1
e = e {[ 0 =7}
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17 1 9 P /7 1 1 by
(I")s=1 = fo (W — ) u'dn= — wvof (u* = %) (1 — dm) dy — Fow, fo(/ﬁ—ﬂ)nzdn

. 1
= wvo.{&v —j' wn (1 — In) dn]( -+ 2“’7’1{ joﬂzn2dn}

. . . 1
neglecting the terms in %’ involving —

(/@-O> = — <d—v~0> = -
AE )i o \dg)_, =" 0

<Z§> I <%>s=1=:0

<£Z;;>£ -7 w'.((l)<1 - m~>HO (1 —n)dn +j' (p* — ) 0. (1 — ) dy

= —Lvﬁ(l —”—;5>{HO—LV( 1= Vo) n} (1 —m)dn
1 = ) 0= 1)+ o} (1 = )

=-WO'H;P‘2(1 — ). dy — v — [0’7(1 - fln]?

m?

(1l —m) O’n]r
mP |

+'01” pry (L —mn)dy —§2° 4+ v j
— LVHO.{%—-— fo(l——m;ﬁ_@}
<Cf%>s=1 - j <1 - 7;T> 1% mdny ’"j (1 — v*) .dn

=of (1= )= w (o, = o) ml dn = (2 = 5%) o, (1 = n) -+ vy} ny

1 1,2 d
= %-HOW n(L—n)dy + §0° — ”2.(0%52}
! l 1y d
= [ dn =1 [0 om {1 = 22}
/d’vl,/ ‘
\7@>£=0= - [ <1 ";‘5)111 (1 —n)dn+ j (1w — ) o' (1 — ) dy

= — wy, ﬁ{ﬂ PP dE — 1/27]} (1 —=n)dn

1
= — L wu,. {j p(l —n)dy — % 1/2}, neglecting 1—;—2
0

dv'”’\ i, 0 rrt R
<d§ >£:1 = Wiy j‘o{[o wd§ — V"’)} n dn = § wu, U'o p(1 = ?) dy — 5”2}

502
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836 MR. G. A. SCHOTT ON THE REFLECTION AND REFRAOTION OF LIGHT.
Thus, we have finally

1dn M
o MA

(Weer =1y —$wd(vy+ v,) + wd (v, — %)f ”Lf_lgg — oIl j
o mA
1
(Wewr =10, + o | 1= 8| won (1= Fo)in — 3o} |
1 1
— w0, [1 + 18 JJ pn®dny — % zﬂ}] + du, {J( u® dny — Vg}
0 :

0
dv 1
Cé-)é - - vo.[l - az.ﬂo,y(l )y — vzﬂ

. - . (VIL).
+ '01[1 + &% HG pn (1 —n)dn — %‘Vzﬂ — 5 wll.6%
1 f(d il — Wl 9 2 gl n dn
0 {<55~§>£=1 <d§>é=0} - Svo'{.-op (L=m)dn = 0o m
1 : Ind 14
— ) - SR Y R e : — j i/
8’121.U0 pndy — v 4+ v fo p :} + w811, [1 . m?‘J
I 1
+.w Szuo.U pr (1 —n)dn — %vz}
0 J
§ 4. Summary.
The conditions determining », 7/, . . . are
Vibrations perpendicular to plane of incidence, when
_ dw _ 2mp, . : . dw __ 2mp .-
=0, ——=1u-3"c08q (1 —7), whenzx=d, G U G088,
Vibrations parallel to plane of incidence
Electromagnetic Theory, when
Lo W e ol g 2
=0, =1 —.c08 iw(l—=7), whenz=d, - =. L Cos® 1.8,

Elastic Solid Theory, when

: dv 2mrp, o < ey,
=0, ;L;::L——i—@{cos%o(l — 1) b oy 8in 4.7}
when
v 2 . . . .
»=d, C“;;; = T’“‘ §cos?4,.8 — o sin§8'}, u = =~ (sin ;8 4 o;8), ) = s’
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Write |

A:Lf,ﬁdw, B:if‘lMﬂxzdx, 0=t f’,ﬁ(d_ag)dm,
d 0

0 & g &
1 (4 2 9 1 [ N d 1 14 5 9
D:dTLp,xdm, E= | pe(d—2)do, F:;Z;fop,(d-—ac) dz,
Y N I _ L[
W(m)_ d _(0 2 Clw—‘ (l - d _"0/&2’ - C] ,{0/&2,
S (s =L (e
T= UO&? p> dgds,  H= | pr(n)de,
1 rd 1 rd
I= [ wir@—r@}de, K= pir@)pds
0 0
1 4 ) 1
L=y [ wr@ir@—r@ids, M= [ wird)—n@d,
N L[l g Lted L[ a)da
A - d .{0 772’ B - (Z:"' _(0 77?/2 ’ C - (Z2 j’o 7712 )

Then there are the following relations between these constants—

D+E=B E+F=C, D4+2E4+F=B4+C=A, D—F=B-C.
7(d)=1—1G=aq, K+ L=(1-»G)H, L+M=(1-»G)I,
K4+ 2L4+-M=>01-»O)H+I)=(1 -G A=A

—_1~ d 2z —-i _ -—.ﬁ d x/ﬁ .

“dzf‘“ﬁul M3>d§_B dgumg.dgozm,

0 0

_ e T — LN AT )
I=(1—»¥GA-—H=C—2 jong.dgd,a.

Hence

K—M=(1-»"G)H-—-I)=(L—»G) B - C—1?J),
so that for » = 0, K—M=B-C
And lastly, B 4+ C =A

Using this notation we have for Vibrations Perpendicular to Plane of Incidence—

d@@ = — oy {1 — & (F =5} +w {1+ 8 (B - §)3
S x=0

cl<%?> == (14 &E =M +w, {1 — 8D~ ¥} S (V')
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838 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Electromagnetic Theory.  Vibrations Parallel to Plane of Incidence.

e] 2' o
d<f.l?{> e GO vo.<l - 82%{) cos? Lo (1 45

A& | =g a

-

N%quﬁ%“<uwuﬂ+ff (1=87)... (),

EBlastic Solvd Theory— Vibrations Parallel to the Plane of Incidence.

{ ~
Cl(\%)x:o = — vy, {1 — & (F — 07}
40, {14 (E— oY)} — 4 wl,. 8
Upoq = 1y — % wd (v, + vy) + wd (v, — vy) B' — S A’
O, _g= 10,4 wyy. {1 = 8. (B—1D — %)} - . (VII).
—wv; {14+ 38. (D — §9)} + Suy. (A — 37
A l W / /
o {<'Z‘Z§>$=d— <%>z=o} = —&,.(C — »*B') — 8v,.(B — »* 4 B
4+ wdl,. (1 — A")+ wd. uy. (C— 44

where

Uy = — sin iy (1 — 7) 4+ ay”, vy = cos 1y (1 4 7) 4 vsin .77, Oy = pgrs

wy =14, V= €087 .84 utsini. §, W, = 8.
We found also that the series (V') converge at least as rapidly as the geometrical
. d —\2 d —\4*
progression 1 -t <; X 453 X u) + ~ X 453 X ) -

The series (VI'.) converge at least as fast as

1 \4
1+< ><628><,u,>+<;><6-28><,u§+---

and the series (V1I'.) at least as fast as

! d \2
1+< X 766></¢>~I—(—;—>< 7'6G><[.L> + .
where p denotes the greatest value p has in the variable layer.
The greatest refractive index for transparent substances (excluding metals) occurs

in Greenockite, and has the value 266. Taking this value for u the three ratios are
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a

d d on @ - et e d o od o d
12*{, 17-}—»—, and 20 \ If for u we take 1°5 they are 7 N 9x , 11 ~ if we take

- . A A d
p = 1334, the value for water, the ratios are 6% , 8 % , 10 N

Remorp and Rtucker found for the thickness of a black soap-film *7 X 107¢ to
1'4 X 107% ems., for red of the first order 2'8 X 1073, blue of second order 35 X 1073

. . A 37 '
these are in wave-lengths of yellow light é% — 430 —2—, —5§ . It follows that for the
series to converge at all, the thickness of the film must be less than that of a soap-film

giving the red of the first order.

§ 5. Equations Determining the Constants r, ', . . .

Vibrations Perpendicular to the Plane of Incidence.
The equations (V.) (p. 837) give, on substituting for w, . . .

— (147 {1l =& F —3)} + s {1 + 8 (B —§*)} =18y, cos 1, (1 —7)
—(147) {1+ & E -39 +s{1 —8.(D— 3"} =1 8u, cos .5,
or
7. {1 — 1 8py cos 7y — 8 (F — 309} —s. {1 + & (E — %)}
= — {14 18y, cos gy — & . (F — 57},
—r. {14+ & E~—=5} + s {1—18u,cos9,—& (D — $7)} =1 4 & (E — §7),
whence
7. [{1 — 1 8pycos iy — & (F — 1%} {1 — 1 8pycos sy — 87 (D — §%)}
SHERTCERWIR
= — {1+ S cosdy — 8 (F — 107} {1 — (S, co8dy — 82<D - -33)}
— L+ & (E— 3]
or
7 [y €08 5y + gy cos 4 — ¢ 8 (A 4 gy €08 7 008 1) — v?)
— 8. {08 iy (D—12?) + p, cos i, (F—39)),
= 4 [y cos % — py cos 5, + ¢ 8. (A — popy cos ¢ cos ) — v?)
— 8. {pocosty(D — $1°) — pycos i) (F — §7)}], since D 4 2E 4 F = A (p. 836).
Similarly . ,

8. [pocos iy -+ py cos vy — 28 (A + pom, cos 7y €oS 1y — vg) ,
— 8. {pycos iy (D — 31?) 4+ py cos 4y (F — 30°)] = 2pgc08 7. {1 4 & (B — 7).
Since » = Re”, s = Se“, we get, by changing ¢ into — «, multiplying and dividing

R2. [(j10 008 5 4y 008 4)* — 2.8, (g €08 1y + oy €08 4y) {ptg cos 7y (D — 52°)
+ pycos gy (F — §9°)} + & (A + popy cos i cos 1y = )]
= (g CO8 4y — py €08 4))® — 28, (pg COS Gy — py €08 1y) {pg €08 % (D — 517)
— pycos gy (B — $09)} + 8%, (A — pop, cos 7, cos 1) — v°)?
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S [(po cos 7y + py cos 2;)* — 28° (g cos 3y + 1y cos 7)) {pg o8ty (D — §2°)
+ pycos iy (B — 507} 4+ 8 (A + pomy cos 4, cos ¢ — v*)?]
= 4dpy® cos’ iy [1 4+ 28 (E — $1%)]

i 00 6y fn 005 1y — 18 (A +- gty 003 008 6 — 1) — 8 {1y 008 do( D —392) + piy 008 4, (F —3%)}"

b COS T — faq COS Ty + 18 (A — popy COS %, COS 1 — v¥) — 8% { g cos 1o(D — %v%) — p, cos 4, (F — 1%}
M COS Gy — ) €08 €, — 68 (A — popy COS % €08 1) — v*) — & { g €08 3(D — Lv*) — u, cos 4, (F — v}

g __ M €08 Ty + iy €08 7y 4 48 (A - popy €08 4 08 4y — %) — 8% { p 008 4 (D — 12%) 4y cos 4 (F— 1)}

o €08 Ty + py €087y — 68 (A + popy €08 5y €08 1) — 1) — 8*{ g 008 1 (D — £0%) 4w, cos o) (F — $p9)}"

Hence

THE ROYAL
SOCIETY

Re — <—,u0 CO8 Gy + iy COS 7,'1>9 [1 o (g €08 % + py €08 1) { g c0s 7y (D — $27) b

PHILOSOPHICAL
TRANSACTIONS
OF

__ Sin® (4 — 7))
= sin® (4, + 4y)

using the equations »° = pf®sin® ¢y = p*sin*¢; and D4+ E=B,

b COS Ty + 4y COS 4 fho? O™
= 008 (F—3v°)} — (pgcosiy—p o8ty ) { pycosiy (D —4v?) 4w costy (F—32%)}

— L %cos %
M c08 %1

48 (1o COS 5y + py €08 %,)? (A — popy COS % COS 4 — v°)?
' (po* cos™y
— (pg €08 % — py €08 4))%. (A -+ poy COS 4y COS 4 — v?)?
— py? cos%) )?

A—p)A=p®) +B—0)(°~ /"02)‘]

1448, COS %, COS % -
[ + Hofty 0 ! (w1 = p*)?

2 —

E4+F=C (p. 837)  (VIIL),

L\

3

\

y i
///

A

Py

§ = (e ) [1 oS (B—?) 428,12

5

THE ROYAL
SOCIETY

using the same conditions as for R?,

PHILOSOPHICAL
TRANSACTIONS
OF

c08%y(D —~$v%) + p, costy (F —11%)
1o COS %y + y COS 4

HoCOS T+ g COS 4,

s (A + pomy 08 7 cos iy — v)°
(g €08 U+ py €08 4y )

__ 4sind, cos?d, [1 @) (A=) (B O m]

g — =SMY CC
5= sin?® (4, + 1) (o COS Gy + py €OS 4))?

. P— A .
tan p = 28u, cos ¢, . f%—/ﬁ” neglecting &%, &e.
1~ Mo

tan o = 25, S 08l 0 1), neglecting &%
o COS Ty + M COS T J
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These give at normal incidence

<#1 #> [1 + 48 (A p) (A = ®) + (B = C) (p® "'/’402)}
0, -

w + (m* — m?)?
S —— dpg® [ -5 A—=pHA —=p®) + B —-0)(w®— #02)J
(1 + o)? (g + po)?

Vibrations Parallel to Plane of Incidence (Electromagnetic and Contractile Ether
Theories).

The equations (VI'.) p. 838, give on substitution for v, v,, since, in this case, 7', 5’
are zero,

— cos iy (1 + 7) (1 - 32%) + cosiys (1 + 321;) = ¢ Sapy (1 — 7)

— cos ¢y (1 + 7) <1 + & —3) + cos ;8 (1 - & %—) = 1 Oy,

or,

. . L M
cos W“.(l — 1 da a“‘-"; — 82§§> — coszls<1 + 82—a~> = — cos 1, <1 +08a Foo — 8”“1«)

08 % @ €08 % @

—cosiofr'.<1 -+ & >+coszla(1 e B ):cosio<1 +82—(I‘1\),
/

08 %,

whence

[(1—,.5a 32M><1-03a N 32-]§>-(‘1+8°£>2]
cos 1, o o COS 7 @ @

-(1 + Lsaé—offsggé—-az% (1 —Sat 82%) +<1 +a-z-%-)z

COS 7y

s [(1 — i Sa Lo 82-1‘5-> (1 T 52355) — (1 + 323“—)2]
Cos %, a oS 7, @ a

= —2da; "“ (1-|-82 >

or,
MDCCCXCIV.—A, 5
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842 MR. G. A, SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.
/ K M
7".[“&1_."}"—”&7 —_ LS(CL—*ﬂ.lﬁLf + A) — 52<~£/597—- +J~lﬂ-—>:\
cost;  €o8 7, COS % €OS %, cos iy @ cosS? @

='-—['ﬂl——*&r+z8<a—ﬂg———-—A>+82(% _IS__ # M)]

COS%, €08 % COS 44 COS % cos 4, @ costy &

and

S[_ﬁz__‘__/‘L_Lg(d_Mﬁ___ +A)_gz<_f‘1’w E_+_ﬂ1_1‘£>]

COS %y COS % COS ) COS 1, CoS% @ cos 7y «

=2 (1 L e 1) gince K 4+ 2L 4 M= o?A (p. 837).
a p

Cos %,

Since 7 = Re?, s = Se”, changing ¢ into — «, multiplying and dividing, we have

s [y o Vo gty B N (0 K m MY o me 6
R"l_(.\cosilbl‘-oos z’o) 29 <cos z'1+ cos z‘o) <cos By O +cos i o +9 ? cos 1 cosz'o_l—A

(e Y g (P ) (e K M ““@%—"AY
T \cos?;  cosg, “\cost, cosiy) \cosi, @ costy @ COST; COS %, ;

S |- +_!’;0‘_,Y__ 232< By /"o'> Ho_ E_{___/ﬁl‘ . M~> + 82<o& wl,flf_‘g_'__{_A)j
COS %  COS %, COS % €OS%,) \COSt, & ~ COSU G COS % COS 1

2 N\
- ._%"_’“9,'_ <1 + 2 82 _.i.i)

~ cos?
cos? 7

p
Ay ey s(a B a) B (ot

op . COSTy | COS T, €08 %, COS 7 COS % COS % €08 7; COS 1 K
e =

oy P s (gt A S S Y (P /. N |
cos? oS, COS %, COS %, cos4, ~ COS 7, COS 7, COS %,

s e ()

cos® 4, cos? 4, cos ¢, \ ©cos? 4,

M
,,/%,T —_ ﬂg — 98 L[4y LA
COs® 4, CO8* 1 COS 7y \ COS” 4y

t

oyt +c8(a-’~‘—1&-+A\)

2o COSTy  COS 7 €OS 7; COS 1%,

€’ = °
g g (g )
CoS %, COS 1 COS %; COS %,



http://rsta.royalsocietypublishing.org/

A
/A A
a

A

THE ROYAL |
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

f

A
S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT, 843

Hence
B M\ o K om M o K om M
R? — | o8 f  cosd, ! 1 4 28° COSiy & ' COS% & + 28° COSTy & COS%y a
I W W e T B . I
cos?  Costy C08%, €087, COoS%,  COST,
2 2
i N
3 > g
+ 82 1 0 o — 82 1 0 4
e P + Ha_
coSt,  €OS%, c0S% - COS Y,

__ tan® (4, — 7))
T tan? (4, + ;)

. B - C — J pyp, sin 4, sin 4,

[1 + 48%u,p cos 7, cos 7,

y? cos? 4y — wo® cos? ¢

+ 487 pop, cos 7, cos 7y

[A— g —(A— G siniy A —p? — (A— G ) sin®s,
(m® cos® iy — puy* cos?4;)?

2p0 ? o K, o M
@ — CoS 7 L +28 L 4 2 §2¢08 Gy o CoSty @
o Ho a 1 Mo
cost;  cosdgy/ | €08 % COS 1%,
. g-
(a2 4 a
§2\ €081 COST,
- 2
L W 1
(cos i, ~ COS8 io> (IX.>_

fq COS %) — by COS 7 (
g €OS 4y + p, COS 7,

_ 4 sin? 4, cos? 4,
T sin® (4,+1)) cos? (5, —1;)

A — (A G s} (A — g — (A — G ) sindy)
(1 cO8 % + pag €08 1))

[] —&8 (B—C—J pou sin i, sin 7).

08 Ho_ <a_ﬂf__ _ A_>

; v
cos g, \  cos? 7

) B

1 )

2 2,
cos?iy  cos? 1,

tan p =

pm’ — A + (A — G ) sin%
i eos® iy — u? cos? 4

= 28 p, COS 7, ,

since o =1 — %G (p. 837), where v = p, sin 7, = p, sin 1,.

a fad V) + A>

: < COS 7, COS 4,
tan o = L 0
#“ Mo
Cos %, €08 %

O (mopy + A cos 7, cos iy — G pu,® sin 4, sin ¢))
o .
M COS 25 + gy COS 2

5p2
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844 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

When 4, = 0, we have

s 0 (A ”ﬁ_ﬂog)(A —m?) + (B —0) (u* — #02)}
R = <N1 + /’40) [1 + 48 (® — pw?)? ’

Q2 = ,_*4:“0‘_ [ — 52 (A Bo') (A — p®) + (B -0 (/~¢1 — M )J
(I‘q + po)? (# + ) ’

the same as for vibrations perpendicular to the plane of incidence.
When %, + ¢, = 47, we have

R =18, (A + G plm® — pd — m*)? = Mo { |1, (A + G ulu® —pd — )2}
'+’ MQ pot +

tan p = 4+ tan 37 according as

A+ pd 4w — Gﬂ'o w’

,“"12 + l""ﬂz z A‘ + G "LOQ/IU’].Q: ta'n o = S )\//l(*)'—jr:—l;]

Vibrations parallel to plane of incidence (Elastic Solid Théory).

The equations (VII'.) p. 838, give on substitution for v, vy, . . .

— feos iy (1 + 7) 4 esinig. 7'} {1 — & (F — 3»%)}
+ {cost,.s+ usingy .8’} {14 8 (E — §19)} — §wSpy’

= 1 Sy §cos¥ iy (1 — 7) + &y singy. 75

— sindy (1 — #) + oy’ — w 8. {cos iy (1 + 7) + vsing. '} (5 + B)

— w8, {cosiys + uvsiniyg} (3 — B) — SpgA’. " = — (sinvy. s + a8')

pgr’ 4 w. {cos iy (1 + ) + esingg .’} {1 — ?(B—-1D — %)}
— wicosiy.s +using .8} {14+ 58D =57
+ S {—sindy (1 — ) + o’} (A — ) =y
— 8 fcosiy (I 4+ 7) 4 esingp’} (C — »*B) — 8. {cos 45 +- ¢ sin i} (B —»*+ +*B)
i Sy (1 — Ao’ + w&. {—siniy (1 —7) + ag'} (C— L)

=y {eos? 1,8 — o 8in 4. 8 — yg {08 iy (1 — 7) + o sin . 713,

1 . . /
where we have throughout neglected ps except in terms of orders &, &',
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 845
We get, collecting the terms,
cos % . 7. {1 — 18y costy — & (F — 4} — cosiy.s {1 4+ 8 (E — §2)
+ esingy. " {14 oy + 8. (3 pe® — F 4+ %)} — vsine . s". {1 + 8 (E — 1)}
= — cos 9. {1 + 18y cos iy — & (F — §7)} e s (),

singy. 7. {1 — «8pyco8y. (3 + B)} + sings. {1 — 08, cos iy (3 — B)}

7 fog 4 Opy. (sin? 4y .5 + B — A)} 4 5. fay + Oy sine; (L - BY)}
=sini,. {1 +3ppcoss (A +B) . . . . oL L L L (2),

. . A
Mmmwmww{1—m%mM;wNB—%D—%m}

— pysing, cos 4. 8. {1 + %)89(]) — 4%}
— g cos® 4. 7 {1 + Soco

+ g 08?4, 8L {1 — L8 tan? s, (D — 4}

© 4 S tan®i,. (B — D~§ﬂ}

o cosz

=—Mm%m%{hhwmw—¥&—%D—b% (3,

g COS 7

. C— B .
pocos%o.r.{l——cS = —82‘0&112@0(0—%1/9)}

o5y
4+ pycos® . s, {1 — LS%?‘,}
S C—2"B —p2f(1 -4
o
-Vt VB
# }

+$%@—%ﬂ}

— Mo SIN 7. 7 {a()-—
.
——Msmzl.s.{a, —sP

— B’
o COS 7

:-—./Locos%'o.{l—l—b —-32tan2i0(0—-%v2)}. N )

In working with these equations we shall throughout neglect 8%, 8¢, 8?A’, A §,
&e., &ec.

We may thus in terms of order &, interchange «,, sin 7, and «,, sin 1,.

Multiplying (1) by » = g, sin 4, = g, sin ¢, and subtracting (3) we have

L8 8in 4. 7 {A — py® — 1 8pycos iy (B — 31D — F — Li2)}
— 8. pysing cos gy . s. (E — 4D — L)
4+ o' g - SogA + & sin? ¢y (B — 1D — F 4 é,u,o — %)}
— ' {py 4+ 8sin®¢ . (B — 1D — 5}
=0sin . {A — p® 4 8ugcos iy (B— 4D — F — 821 . . . (5).
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846  MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT,

Similarly, from (2) and (4)

P §pg — 8008 u (C 4 30%) — pg & sin®iy (C — 32} + 5. {pg — 18 cos 4, (B — 1?)}
8 sindy. {C 4 3? = g — 8 (C — LA} -+ 8¢ sindy. (B — L)
= po+ 18cosiy (C+ 4?) — pg Fsin®4,. (C— 5% . . . . . . . . . (6)
Multiply (1) by «, { 13 <%p,1a1 4 B — LA/ -ﬂt) 448 (F—F — b+ %ﬂ)},

=7 sin 4,

(2) by LSil’l?:l.{l—8<V__%A/"/ﬂr>+%82_(0_%”02_‘_1)2)},

sin 4,

e : L. 1 ' C . 1)
and add, using the relations a, = sin® 7, — —— |, oy = sin®4; — — ),
’ 0 0 m02 1 mlfz

ot sing, o sin 4

-+

whence - = —
sin 4, ot sin 4 @

.1
:2+termsm%~4..

11

.. we have
m?’ gt

and neglecting terms of order &%, 8

w' . (o sin ¢y + o sin 7;)

=—7 [(oc1 cos 1y + vsin ¢y sin ;) {1 — ¢ Spuge™ ™ = £ 8% (C + pp?) € 2}
=

1SA7HE
+ 3 L€
#“

2 > (7).
+ 5 [(al cosiy — usin®iy) {1 =8+ 48, (O buy?+ 7)) + JOA™ e}
1

- [(al cos iy — usin gpsin i) {1 4 ¢ Suge — 3 8 (C + Lu?) €0}

2 .
+ % oA’ £ . e’“"’j]
1

Again, multiplying

(1) by g {1 8 bty — B -+ AN L) 448 (F = B — s + )}

sin 4,
.. » , 1
(2) by vsin g, . {1 + %Ssi/;oio<A -—-—7;(?> — 318 .(C— %Mog)} ,

and subtracting, we find
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT, 847
v’ (o 8in 9y + o sine;) h
= [(ao 008 4 — 18in® 1) {1 — 1 8py cos iy — 8 (C + Lu? — %))

) )

—1 A
£8 (& = o) |
r . b) -2

-8 L(uocos'zl + vsingysing) {14+ 8%, (C — Lp?) e™a} L (8).

4 1 — i
-—%8<A _@>'f"06 1]

+ [(ao cos 4y + 5in%4,) {1 4 o Sy cos iy — 4 8. (C + b — %))
;1N o
— 43 (&= ). e J

Substituting from (7) and (8) for 4, s’ in (5) and rearranging the terms, we find

{1 () cos 4y + vsin gy sin o)) + py (2 cos ¢y — vsin® 1)} (1 4 & 8%?)
+ 8.(1 — v 8y cos i) Aa (@, cos ¢y — vsin? 4)) — o Sp e, cos 29,

) —t 4 1 !‘I'LO L4,
» — L Optqpuy 0ty COS Ty, €70 — £ 3 <A - 77"{5) (= py) €
. o/

.1 o 9 1 . .
+ & Spq uy cos 4y me 50 =0 (1 — po?) cos vy —; — 8% g sin vye
1 ! i

o (0t cos 2y — ¢8I0 4,) + g (o sin 2, + v sin 4, sin ¢;)
—s. + 8 (A — pg?) g (o cos 4, — 1sin®¢;) — & 8<A' ” >'w" (#? — po?) €
0

~+ 5 8% (pg s1n ¢, cos 24y + py sin ¢, cos 2¢)) (C — L p?) e

{Mo (ot cos 7y — vsin ¢, 8in 2,) + g (o cos ¢ -+ vsin? ¢) 3 (1 4+ 4 6%°) ]
4+ 8 (1 4 ¢y cos 15) Aay (o cos ¢y + v sin? 1) + o SugPe, cos 27

= — + © Optgpg oty €OS tye — (A' m >'u0 (p* — po®) €™

.1 I
+ & Spopy cos iy — 18
g OHof 0 g, ? oy

— % 8% (o sin 4, cos 205 + py 8in 4 cos 24,) (C + $p?) €

.1 o
(llzl2 - H'Oz) COS 10 W—L_Og - 821/2 ""0 sin ?I] . Guo
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848 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.
In the same way we get from (6)

| Mo (ot 810 ¢ + g sin ¢;) (1 — o 8 €08 %) — 1 8sin?; (g cos 5y — v8in? 3) (A — p?)

— &%, COS %, Sin % 8in 2, {pe® cos iy 4+ (B — C) e}

p (o sin 9y -+ o sin o)) — o 8 sin 4y (o) cos iy — v8in?¢;) (A — p?)

+ s o .
+ 2 fvsin g sin g (C — I p?) e i

= g (o sin 7y + o sin o)) (1 4 ¢ Sp; cos 7y ) 4 13 sin ;. (e cos 5 -+ ¢ 8in? ¢5) (A — p?)

— 8, cos 4 sin 7, sin 4) {pg? cos iy + (B — C) e},

Solving these two equations for r, ¢, we get, after some algebraic transformations,

1 1 neglecti L
2mg*’ 2m® g '€ g

terms of order 82, and finally discarding a common factor, a,sin 4, + &, sin 4;—

using the values o sin ¢, = sin® 3, — o, 8in 4, = sin®¢, —

{1 — 0 Sy 008 6y — & gt cos iy + 3 8 (C — b )} (e (o cos ty — usin®iy)
4 i (ag cos 4y — v8in4g) 4 popy (o €08 %) - o cos 4y 4 2usin g, sin 7))}

— 18, {(1 — ¢8pg c08 9g) (A — pg®) — ¢8 (g o8y — g cos t) (C—F o)}

r. { o (cos 1y + warg) (o cos 1) — 18I0 7)) 4 py (cos 2y 4 wary) (2 cos 4y — usin? 5y)}

— B (A — ) (A — ) + (5 — i) (B — C)} siniysin iy, e 6+

’ / 1 I ~uiy tig
— 18 (A = L G — ) (e )

-{1 + 1 8pg cos iy — & g cos? iy + § 8 (C — § p’)} {— o’ (2 cos 4y — v sin’y))
+ 2. (o €08 1 + ¢ 8In? %) — popy (g cOS 4y — @y 08 %y 4 2u8in 4 sin 4;)}
— 8. {(1 4 ¢ 8pg cos i) (A — pg®) — 18 (py o8 &y + po o8 %) (C — p’)}
== { o (008 1y — o) (@, cos 4 — 1 8in? 1y) =+ py (cos o) + very) (e Cos 55+ 1 8in?5)}
— 18 {(A — o) (A — 1) + (1 — ") (B — C)} singysin 7:15”(;°—é‘)

’ 1 ~—t, —uigy .
_%8<A" >£(i’«12"l‘02)(#1€ P e);

.
ny

and, in the same way,
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 849

—-—

{1 — o8 o8 iy — & 8% cosip + 1 8% (C — 1 ue?)} (o’ (@) cos iy — usin? iy)
+ py? (2 cos 5y — 1 sin® 45) + popq (0 cos iy + oy cos ¢ + 2usin 4, sing;)}

— 18 {(1 — 18y cos 1) (A — pug®) — o8 (g cos 1y — prg cos 1) (C — 4 )}

s. {1 (08 1y + 1) (@) cos 2, — vsin? ¢)) + p, (cos¢; + wat)) (g cos % — v sin® ¢)}

— 08 {(A = ) (A = ) + (s = ) (B = O)} sin iy sin iy €609

1
_%8<A - {77) MO(M ~ ") (o€~ + )

= 24 €08 7. {(#Oal + mag) {1+ 38 (C — p’)}
= 8. (sim iy sin iy — g (A = ) — §8(4 = 5) 2 2 — )|
My
We easily find
to® (o c0s 1) —u8in? 1)) +pu,* (0t €08 5y — 1 8In® 5) + g, (¢, €08 7+ COS 7, 420 80 7y 8PN 7,)
Moy e e .. . o en o e s
= % sin (4+10,) { (mo1+pg) cos (dg—1;) —1 (uy 8in Gg—pu sin i) sin (4—1y)},

— o (0t €08 1 — 1810 1)+ pu® (et €08 5+ in® 4) — e, (20 €08 3, — ¢, COS 1y + 20 sin 4, sin 7,)

F'O *sin (ig—1,) {(pors+pe) cos (fg+iy) o (1 8in 19— pry 8in 7)) sin (4, 4-4,)3,

. i Moy . . . . _ .
Po-€ vy + ’Llén" — T sin (@0 + 7’1)‘6‘(10 11)’ T dy o [LOG—”’ — /"’1 sin (?,0 — ) E—L(lo'i"t])

o (cos g + weg) (o) cos &) — 18in®4)) + p, (cos 7, + w;) (ot o8 2y — ¢ 8in® )

— - sin (4, + 1) e
=08 (1g— 1, ). (poot; + py;) { 1 — o —L0 Lo} —_—
(20— 1) (porty + py2y) { (m? + pg?) sin 4 sin 7, (sin ¢y sin 2, — age))

Ko ST (4 + %)
(® — mo?) sin 4, sin ¢

~ u8in (3, —1,) (, 8In ) — p, sin ¢,) {1 — (¢ 8in 2, — @&, sin 7,0)}

B (cos 5y — wag) (@, cos 4, — ¢ sin? ) + p (cos 2) + wa;) (e, cos 4, + 1 sin? i)

= c08 (% + 1) (ot + {1-—1, Hophy S0 (i — ) — }
(koos + o) (#® + po?) sin 4, sin 4, (sin 7 sindy — agr;)

(1 0™ Ko ) (,u‘*’—-,u2)smzosm@( 08N 1) — o sin 7,) .

MDCCCXCIV.—A. 5 q
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850 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.
in 7, — p,sine,
Pty + oy

such as 1 — $&8u>cos? 7, + 18% (C — Lu,?), and neglecting &3, . . . as before,

Writing® A = M, the equations become, dividing out common factors,

7. feot. (4 — 2,) = M} (1 — ¢Sp, cos 7y)

8y (A — ) sin (4 — 4,)
[ — e — & (O — Lp]
Hopa Si0 (G + 7)) sin (4o + %) ( bho)
W52 LA — ) (A — ) + (0 — ) (B — O)} . i g sin . e=Cot®
(m* + p®) sin (5 + 4y) {cos (ip — &) — «Msin (4 — )}

— §(A —pd) Pop €08 (G — &) (810 4 8in &y — agey) — ¢ 80 (b — 1) (@) 80 ) — ey 810 )
Ko

e v. {eos (ig — 7)) — JMsin (4, — 4}
1 L (lg—1p)
sl [ S —
m,? ) sin 4, cos (4, — 43) — M sin (¢, — 7)) B

= — (cot (7, + ¢;) + ‘M) (1 + 8y, cos %)

1 = ﬂ_(,é.:.&(){)“ —_— 82 Sin' (¢0_+ ’él) (C 1 2)
Both Sin (4 — ;) sin (4, — ;) 2o
52 {(A — ) (A — 1®) + (1? — ) (B = O)} singysine, . e o=
L (1 + po’) sin (4y — 4y) {cos (4y + 7,) + M sin (4, + 4,)}

“S(A'—'[Jbg Hot

o8 (5 + %) (8in 4 sin 2y — eqgery) + e 8in (4 + %)) (o 8in ) — «; sin 7))

0w+ v. {cos (¢, + %) + M sin (4, + 7,)}
‘m . 8 (A, B J‘ -@— . M e—L(i0+i1)
RO\ my?) sing, — cos (%, + %) -+ JMsin (4 + 7))

and

. . . . . | Bracket
s. {cot (3 — %) — M} (1 — 18pg cos 15 — %8ug? cos? 7) [“—gf_'r—

2 ) sin 4 sini,sing, — 1
COS 17, 81N %, [1_ S(A _’Log) Moty 0 1 “"“Lm%S(A'—- ~_>J’;0_ . MW.

- sindy —4y)sin (4 + 7)) A+ v \ mg?/ sin 4, _J

Now 7 = Re®, s = Sev; hence changing « into — ¢, multiplying and dividing

: 1
corresponding equations, and, as before, neglecting 8%, & pov (and, therefore,

8% (sin ¢, sin ¢, — ae;)), we find
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$2 A= p?) (A —p®) + (® — p®) (B —0)
Bot (1* + 1)’

sin 4, sin 7). {(u,® — pe®)? + 4piu,® cos 24, cos 24, }

sin® (4, + 4;) {cos® (4, — 7;) + M?sin® (5, — ¢,)}
— 25 (A — u2)-—tako
( Ho ) m® +

cos® (4, — %) (sin g, sin 7, — aye;) + M sin? (4, — 2,) (&, $in %) — «; sin 4,)

v, {cos® (4, — 4;) + M?sin® (4, — 1)}
_s. <A' _ _1_> Fo_ M cos? (4, — ) — M sin? (4, — 7))

my) sing, " T cos? (4, — 4y) + M?sin? (4, — 1)

_.1+

R?. [cot? (2, — ¢,)
+ M?].

g2 A = ) (A — ) + (m? — ) (B = C)
toty (® + o)
sin 4, sin 4 {(u,® — we?)? + 4p’u? cos 24, cos 24}
sin? (4, — 4y) {cos® (i, + 4,) + M2sin® (3, + 7,)}
= [cot?® (z + 7)) Hoth
: — 28 (A — p? —
+ M2, ( o )M2 + pg
cos? (4, + %) (sinysin 4, + agey) + M sin? (4, + 2)) (o8I0 4 — «, sin4,)
v. {cos® (4, + 7)) + M?sin? (5, + 1))}
— 8. (A — - 1Y _mo 00s? (ty + 4) — Msin? (4, + %)
’ me) sing, T " cos? (4 + 7)) + MPsin? (¢, + 1)

_1+

i
. foot? iy — &) + b2 Py

= — '4 COS-?' % .Sin? '151 ' [ L — 928 ( A — “sz,) ; _,,/LOMI' , ?1}17,0“81n711 Bal |
sin® (4, — 14y) sin? (4, + 4) Mt g v

- 8<A’ - ~~1-2> o M]
mg?/ sin 1,

1 — 20 s
20 Sy cOS 7,
0 0”,,

2p _ L0 (G + %) + eM][cot (1) — 4) + M] 1+ 2e8p, cos 5,

T [eot (¢ + 4) — eM][eot (4, — 1) — M] 1 — 2¢ 8y, cos 1, | 4 28 cos i :2__“ ’Z)z
- Ho

tan (i) — %) + tan (i, + 4) } { 9 .’ __.A}
{1 M TN (i — ) b G + )] 1T T 2O S e

tan (4, — %) + tan (5, + %) }{ ,,,12~A}'

{1 — M.

1 — M tam (i — ) ban (i + )] |1 7 20008 o0 s
A — p v
. 1+ d — -
2 1 + M tan (’LO -— ’Ll) Mol sin (7,0 + 'Ll) .

—l—LMtan(io——il)l SA—,MO2 v
— L '- rA»v‘.".,.v. ,A._' .
Moty sin (4 4 %)
5Q2
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852 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Hence, we have finally, using the values of &, «,

g _ cot? (4 + 4,) + M? h
T cot? (i, — 1) + M?

,—1 + §? (A —#02) (A"‘Mz) + (,“12"/"02) (B--C)
pop (i + ")
sin 4, sin o) sin 2¢; sin 20, {(u® — p*)? + 4 ? cos 24, cos 24, }
S (i — 1) S0 i+ 1) {005 (i — 1)+ M2 (10— 1)} {08 (i + i) &+ M sit? (51 1)}

2% (12— po?)
95 . Mot (I’ —
+ (®+ pe’)? 1 1
sin 24y sin 27, { AP —pe?) + (A—p?) —, — (A—py? "“}
M iy
o 510 7. { c08%(2y—1,) + M? sin®(4,—1,) } { cos?(4) +7;) + M2 sin®(3, +%;) }

g ¢ g
4 cos? 1. sin? 4

p—
T sin?(iy—1,) . sin(7y+ 1) {cot} (1, —1;) + M2}
1 - () (A—p®) (A=) + (1 —p) B-=0) 1 (X))
prot (pn® + pg’)?
sin 1, sin 4 {(u,® — p®)? + 4 p® cos 2t cos 24}
sin®(zy+4;) { cos*(ig—1;) +M? sin®(4,—1,)}
in? (4. —4q "o d 2 L 1
poPn® (uy® —po?) sin? (ig—1y) 3 A/ (pg* — ) + (A — g );;05 —(A—p?) mﬁ}
(m? +/"02)3-" ' Mo Sin gy {C0s*(ip—15) +M? sin®(iy—1)}
and
gan p =M tan (4, — 7;) + tan (4, + ;)

1 — M? tan (4,—1,) . tan (4, + 2;)

oo — A {1+ M tan® (4, — 4) {1 + M? tan® (¢, + 7))}
+ 20y cos 1y m* = po {1 — M? tan (i) — %) tan (i) + 4,)}?

. oo A pgp cos (4, +1) .
=M — 3 : 00— 14+ M? tan? (5,—
tan o tan (7y—1%;) 48, sin 4 o sin (L) + M? tan? (4—1,)}

And here
1,1
M= Sin 7y — pg sin %, — m® — p 1 b mgt T omy? s
Moy + e m* + m?* + po* 2 sin 4 sin 4,

as long as sin®¢, > 1/my%, and sin® ¢, > 1/m,%
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These give, when 2, = 0,

R? — //"1 /"O> l—]- + 4 82 (A /"'()2) (A /"'12) + (Iu‘t — /"‘12) (B C)]

Pt o (w® — p’
Q __4/102_‘:1 5. Ao ) (A = p?) + (' = p?)(B C)J
(1 + po)? (1 + po)?

the same as for vibrations parallel to the plane of incidence, as should be the case.

A A

™ .
~—, we have, since then

At the polarizing angle, when (i, + ;) = 5

—-/’: +"0 (14 1/2m? 4 1/2m,2),

o A—p?) A=p®) + (1 —p) (B=0)
po + 1pgtun* + )

3
o A #02)+(A-'/1q2) s — (A—pd) =3
8 — 2)3 2
+ 8pl® (P —p))* . Vs o +14#M4 e

R = 45 o ® . (i) (=)

OF

R (L [1 5o Bl =)t (A=pe) (A=) + (= p?) (B—O)
o + Lot + p® w? - p? Ho® + Ldpugt i +

. -
pot (= ) A=)+ (A=) Lo — (A=) 15
(® + po®)f o’ + Ldpgtpy* +

— 28

2 . 2 2
tan p = — %%’?—2(1 —1/2m2 — 1/2m,2)
2’ + 1 g + p1®) (1®— A) dum’® (0 + my®)
28#0 (Mo s Wl 1 1 {1 UML) a2 lmz}
+ \/:qu‘*',"‘og-(/"21"1’402)5 I"'08+14/" /"4+l"18( / o+ / l)

A

§ 6. Summary of Results.

We shall shortly summarize those results that are of use for comparing with
experiment.

Vibrations perpendicular to plane of incidence.  Plane of polarization parallel to
plane of wncidence.

SOCIETY

These give the sine-formula of FRESNEL, which holds for parallel polarized light.

sin? (4 —14,) (A= p) (A —p*) + (B = O) (i’ —pe®) |
RIP=50 (Go+1y) [1 HA8®. o, cos y cos 0 (1r® — o) ] > (VIIL,

2 _ 840
tan (p 1) = 28. pycos iy, 2L A Jp )
=

OF
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Vibrations parallel to plane of incidence. Plane of polarization perpendicular to
plane of incidence.

These correspond to FrEsNEL’S tangent formula for perpendicularly polarized light.

Electromagnetic and Contractile Ether Theories.

tan? (4,—17;) | . . B—C—J pp, sing,sins '
RL® = 0—n 9 o1 0 1 h
(R1) ban (3,7 4,) 144 8%, pop, cos i, cos 7, ooty cos',

{A —pe’ = (A = Gu!) sin G} {A — i — (A—Gp?) si® i} | | (IX p,
(® c08% i~y €08 )P r843).

+ 4 8%, cos 7, cos 7,

wl— A + (A — G sin®s,
wr? cos? 5y — p? cos? 4 R

tan (p L) =28. p,cos,.

Elastic Solid Theory.

__cot? (4, + 1) + M?
(R .L)2 = ot (%Z — "'i) T+ M2
52 (A—pd) (A—pw*) + (1 —p*) (B—C)
prop (i -+ po”)?

sin 4, sin 7). sin 24, sin 2¢; . {(p,® — po®)? 4+ 4y’ ® cos 24, cos 2¢; }
suﬂ(v,0 —1))8in? (4, + 1) . {c0s*(4, —1;) + M2sin*(4y—17,) } { cos®(4, + ¢,) + M?sin®(4y+ 7;) }

,_1+

' s’ (1 — i) o
28y 852)
o ‘. 3 * ’ 2 —-——‘1 1
sin 24, sin 24, . {A R G me (A=’ 7”12}

o S0 1y . {COS? (1 — 1) -+ MP sin? (iy— 1) } {C08® (4, + 1) + M sin® (3 + 1)} |

tan (4, — ¢,) + tan (4, + 7,)

ban (p L) =M 5 o i — i tan (g4 6)
— A {1 + M?tan? (4, — 1 4 M? tan®
2 bppcosi, A LM (o — 0} (L Mt i)
't — py {1 — M? tan (4, — 7,) tan (4, + 7))}*
where
1,10
M SI0 3y — g sin 7, ot = Kok mg | my?
m® + py® 2 sin 4 sin 3,

M= e e
o 1 o 1 TR TR
o /\/smﬂo-—f + w «/sm%l -
0 me? m,?

. . g s 1 oo 1
provided sin? ¢, > —;, sin?¢; > —.
my m,

There is a point here which calls for remark, viz., as to the quadrant in which p L,
p Il are to be taken. Neglecting 8, in the equatlons (V") of § 5, p. 839, we find the
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sin (i — %)
sin (4 + 1,
light at normal incidence the vibration in the reflected light is opposite to that in the
incident at the reflecting surface, so that there is a retardation of phase = =,
Similarly, the equations (VI'.) give for the important part of  for perpendicularly-
polarized light — M—-———-ﬁ, which is negative at normal incidence, but positive for
an (4, + %)

incidences greater than the polarizing angle.

We shall suppose R 11, R 1 to be taken equal to the absolute values of the above
ratios. Then p Il will lie between 7 and 2w, or between 7 and 0, according as
tan (p 1) is + or —, and will differ from 7 by an ainount of the order 8. The same
will apply to p 1, whose difference from u, however, does not remain of order 8, but
which increases through 37/2 to 2, or decreases through 4w to 0, according to the
sign of tan (p L).

The difference p L — p [l —the retardation of phase of the perpendicularly- over the
parallel-polarized light—is positive or negative according as tan (p L) is positive or
negative, and increases numerically from 0 at normal incidence through 4 % at the
polarizing angle to 4 7 at grazing incidence. And the reflection is said by JAMIN to
be positive or negative as the case may be.

If a ray of elliptically-polarized light be reflected normally from a surface, then the
difference of phase of the components, and the position of the axes of the vibrational
ellipse, as well as the direction of its description, are all unchanged in space, but, with
reference to the direction of propagation, and, therefore, also to an observer viewing
both rays, the position of the axes has changed into one symmetrical to the former
one, with respect to the plane of incidence, and the ray from being right-handed has
become left-handed, or vice versd. Thus, there is an apparent change of phase of =,
which is called by JAMIN ““# de retournement,” and causes him to give the measured
difference of phase as lying between « and 2, instead of between 0 and .

We must also consider the effect of a finite, though large, velocity for the pressural
wave in the Elastic Solid Theory. We have made no supposition as to the values of
the m’s, the ratios of the pressural-wave velocity to that of light in the different
media, except that these ratios are large. The ratio m;:m; may have any value, so
that the refractive index for the pressural-wave between the two media may also have
m® = p
m® +

large patt of r to be — which is negative, so that for parallel-polarized

any value. The effect of the pressural-wave is to add to
1 1

(= 1) o, g T

2 (up® + in®)?* sin 4 sin ¢;

of the experiments ; in (R 1)? also, there is an additional term, which at no angle of
incidence is of magnitude more than comparable with 1/m?

Now m? is large, perhaps 100, as above, § 3, p. 834. The term in (R1)? may always

be neglected; and at all but very small angles of incidence M be put equal to

a quantity

, for moderately-large values of 4, such as are used in most
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2 haad 2 . . . . . . .
PP This result is in agreement with GREEN and in opposition to HAUGHTON,
M° Tt

-1 e ‘g
who proposes to make M = a where n < £ ascribing it to a difference between

n* + 1’ o
the refractive index for the pressural-wave and that for light ; but it has been shown
above that no such difference could diminish % and therefore M.

The formulee VIIL, IX., and X. can be put into a more suitable form for calculation ;
the quantities experimentally determined are usually Ei'l—i and pLl —pll. In doing

so we neglect powers of 8 above the second and make use of SNELL’S law
8,0 .
posin 7, = p, sin ¢; and the equations sin (¢, — %)) 8in (3, + 7,) = B0 gin i, sin ),
' Fot
2 2
and cos (¢5 — 7,) cos (3,4 1;) =1 — Br TR gin 4 sin ).
’ ' Foty
With the same notation for the constants of the variable layer as before, viz,
2md

1 r4
d = thickness, 8 = k= refractive index, and A = —d—f p? de = mean value of p?,
0

A

00

1(* 5 1 (tdn 1
B—Cm(—f;‘{ou (Zw—d)dw,G—_—J‘L,u , d = ]25

2
<’U’ o 52> d& de,
P K

since these enter into the expressions in different combinations, we shall introduce
a different set of constants, involving A, B — C, G, J, and d together with u,, u,, and
defined by the following equations—

A = 4{A (1 +p?) — 2#02,“'12} (A - ,“'02 - ,““12 + Gp’w®) + {(B=C) (,“1?2 + #02) —J ,“'02#12} (1 — ,“'02)

(" — w")?
A7)

(A — pd — p® + Gp'py®)? (2‘_vrj{>2
(* — m®)? A

B = dpomy

O = gq P’ A = p) (A — pd) + (® — ) (B = O)} (/ Zml)
) ' (® + pd)t A

/,L1 —A 27r(l

D“"zlu‘ F‘ )\,’

A — pf -—m + Gpg'py®  2md
m* = po A

E:“ZMO

Then the expressions for RL

BRIl and p L — p Il become—-
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Electromagnetic and Contractile Ether Theories :—

<§.—I_->2 _ 99512" (i + %) !: 1+ sin 4, sin 4, cos ¢, cos %, +B

sin® 4, sin® 14, cos 4,08 4, |
RII/ — eos? (4, — 4y) cos (%, — %) €os (t, + )

cos? (4, — ;) cos? (4, + 4y)
tan (pll) = D cos 4,
tan (pLl) — tan (pll) = E

sin® 4, cos 1, ' ¢ XL
cos (1 — ;) cos (4, + %)

E sin? 4, cos 4, *®
c08 (3 — 1) €08 (ig + 1) + F J

tan (pL — plt) =

These expressions are true as far as order d?/\?, provided \/2nd > greatest value
of w occurring in the variable layer.
Except in the neighbourhood of the polarizing angle, tan (pL — pll) reduces to

K sin® 4, cos 7,
o8 (4, = 1) cos (4 + %)

Elastic Solid Theory.

Here we introduce subsidiary angles defined by the equations

. . . . 2 — 2
tan « = M tan (4, +1,) tan 8= M tan ({, —7,), where M =1 ~F0 .

m® + '
Then we have
( l}i>2 __ c0s* 8. cos? (’L:O + 7,:1) [1 —C cos? . cos? . sin? 4, sin? ¢, cos 4, cos i,] by
Rl cos? « . cos? (45 — 1) cos? (i, — %) cos® (%, + )
tan (p 1) = D. cos 1,
tan (p L) — tan (p 1) = tan (e + B).[1 + D cos 4,. tan (« + B)] . . (XIL)

tan(p_L-—pII)= cot (« + B) + D cos 4,
: cot? (2 4+ B) (1 + D2 cos? 4) + D cos 4, cot: (« + B) + D?cos?3,
or

cot (p L — pll) = cot (« + B) - D

cos? 4,. cosec? (a + B)
cot (¢ + B) + D cosi, J

* The expression for tan (pL — pll) inclusive of terms involving (2=d/\)3 is of the form
T3 sin? 4, cos 4,
cos (i — %) cos (45 + 1;) (1 + asin®¢y + bsintey + .. ) + o’ + b'sindy + ..
@ by ..., b, . .. being constants of order (2rd/\)?.  Since tan (pL — pll) is large only in the

neighbourhood of the polarizing angle I, we may put ¢, =1 in the small terms, thus obtaining the
expression in the text. Then

_Q#OA_/‘(F" m? + Gu’m?
E= m®— p? 27rd’ P = a + b sin?l ...

1 +asin®] + bsintT 4-.. A T 1+ asin®l + bsintl + ...
MDCCCXCIV.—A, 5 R
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858 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

These expressions are true as far as order d?/\?, provided %\/2wd > greatest
value of p.

To get some idea of the limiting thicknesses of the film, let us compare them with
soap-films ; REmvorp and RUCKER estimate the thickness of a black soap-film at
aoout ‘117 X 1075 centim., that of a film showing red of the 1st order at about
2'84 X 1079 centim. Hence for

, H

2

black soap-film N/27d is, for line A 10, D
red of 1st order 2,

@ o
B

Since the refractive indices of transparent substances lie between 1 and 3, it
follows that a transition layer to which the above analysis is to be applicable must
certainly be less than that necessary to show even a red of the 1st order.

§ 7. Comparison of Theory with Experiment— Elastic Solid Theory.

The expression found for the change of phase is by (XII.)—

cot (e + B)+ D coéféo
cot? (e + B) (1 + D?cos? ) + D cos i, cot (¢ + B) + D?cos?4,

tan (pL — pll) =

P 2 .
where tan & = M tan (7, ++¢,), tan 8= M tan (¢, —1,), M= H » and D is
0
a disposable constant.

The denominator of tan (p L — pll) may be written D?cos® 4, [§ + cot® (« + B)]
+ [cot (2 4+ B) + & D cos 4,]* and this cannot vanish even to order D? unless

ot B=1m

. Co . 5 . 1—sin?i,—sin?4 9

Now, a4+ 8= L= gives cot (¢,+¢,) cot (1,—17,) = M?, or g e, = M?, whence
1, = sin 7! @’ 4 ) instead of BREWSTER'S angle 4, = tan™ p /uy. In order that
’ V3 ’
we should obtain BrREwsTER’s angle it is necessary that M should be only a small

: m® — po’ : : s 9 s % ' 1 :
fraction e of “'-—"%, which would give sin® ¢, = — "~ s——5+ Lhis; as
N [ | P </fl.__f‘_0~>
m® +

is well known, was pointed out by HaueHTON, who thought it possible that a smaller
effective refractive index for the pressural-wave would lead to such a value of M, but
the rigid theory developed above, which includes the most general theory possible,
according to Voigr, without absorption, shows that any alteration in the refractive
index for the pressural-waves consistent with keeping their velocity of propagation
large could only produce a very slight change in the value of M-—and that an
increase—except at very small angles of incidence. It is clear then that a rigid
Elastic Solid Theory cannot explain the change of phase at reflection.
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FElectromagnetic and Contractile Ether Theories.

Here the expressions (XI.) for the amplitude and change of phase at reflection
contain four constants A, B, E, F, of which the really effective ones are B, E. The
constant A in the expression for the ratio of the amplitudes is multiplied by
cos (2, + 7;), and thus is without effect at the polarizing angle, at which the deviation
from FrESNEL'S formula is most marked. A cannot therefore be determined with
any great accuracy, seeing that a considerable change in its value produces only a very
slight effect on the result. In some cases it may be put = zero without impairing
the accuracy of the formula.

The same considerations apply to the constant F in the expression for the phases.

The other two constants B, I ought to satisfy the condition, E? = "ﬁ . B, Asregards

accuracy of determination the order of the constants is E, B, F, A.

The experiments discussed are those of JAMIN on solids and liquids (see his two
papers, ‘Ann. de Chimie et Physique,” série II1., 29 (1850) and 31 (1852) ; a series for
flint-glass by Kurz (‘ Poca. Ann.,” 108), and some of QUINCKE's (‘ Poce. Ann.,” 128)).
Of these the experiments of JAMIN are much the best, and are almost as well repre-
sented by the empirical formule of CaAucHY as by the theoretical formulee found above.
This might excite surprise—-seeing that CAucHY’s formulee involve only one independent
constant, the ellipticity e--did we not remember that of the three independent
constants B, F, A (E of course is not independent), two, F and A, do not have
much influence on the result. The experiments of QUINCKE are the most irregular,
but they are of interest because QUINCKE investigates the reflection in each other
from the bounding surface of pairs of media. Of these I have only taken those in
which there are ten or more different determinations, where there is some chance of
the constants being accurately determined. The experiments of HaveaTON (¢ Phil,
Trans.,’ 1863) I have not had time to consider, but, with but one or two exceptions,
his series consist of too few determinations to allow of an accurate determination of
the constants.

In all the above cases measurements were made of the difference of phase, by means
of a BABINET'S compensator, directly, and of the ratio of the intensities, indirectly.
The polarizer was placed at a large angle a with the plane of incidence, so that in
the incident beam the component polarized perpendicularly to the plane of incidence
is of great intensity relative to the parallel component. The azimuth B of the
reflected light was determined. Then R L/R Il is given by the equation R L/R Il
= tan = = tan B/tan «. By this means the determination of = is rendered more
accurate, firstly, because the absolute error in = is made much less than that of B
owing to the largeness of tan «, and secondly, because the determination of B is
itself more accurate, the intensities of the components in the reflected light being
more nearly equal.

5 R 2
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In combining the experiments I have assumed as a first approximation that the
accuracy is the same for all values of 8, the difference of phase, and likewise for all
values of B. In strictness this is not true, since the accuracy of the readings is
greater the more nearly equal are the intensities of the two components of the
reflected light. But as B in most cases ranges from above to below 45° the
assumption will be sufficiently true to give values of the constants not far removed
from their most probable values.

The sets of constants A and B, and F and E have in each case been determined
independently by making the sum of the squares of the errors in « and B,
respectively, a minimum.

We have by (XI.)

‘g .
E sin? ¢, cos 1,

tan 8 = sl + ) T

cos? (1,+1;)

sin 4, sin ¢; cos 4, cos 4, co8 (fy+ %) B sin? 4, sin? 4, cos 4, cos ¢, _ tan® B
©0s? (t—1,)

cos® (ty—1y) cos* (4,—1%;) T tan® «

+A

tan?w =

Let 8, B be the true, &, B’ the observed values, and let §),, B, be approximate
values, given tentative values A), B, ¥, E, of the constants.
Let A=A,+a, B=Bj+0, F=F 4/, E=E;+¢, a, b, f; ¢ being small

quantities to be determined by the conditions
3 (8 — 8)® = minimum, (B — B)’ = minimum.
q8() 0 aBO
Then, substituting for 8, 8 their values &, + f BF " +e BE , Byt o aa +b o,

in the equations

, 038 , ) , 0
2(3'-3)2%0, 3-8 L=0, (B —B). 2 =0,3(8 —pP=

and measuring 8 — 8 B — B in degrees, we obtain, neglecting squares of small
08,\2 708,\ /08)\ _ o (0 —3) [08)
fE( 1«0> + 5, > <8EO> =295 - <8F0)
08,\ /08 08,\2 o m(d—0) (08
o) (i) + o2 () =35 ()
9B, s w (B — By <8Bo>
a,/ \O 0) 180 Oct,

98 9B\ _ ™ (B — B 3ﬁy>
)+ s () =2 F

quantities—
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and here we may, in the coeflicients, replace &), B,, by &', 8’ wherever convenient. We

thus find
B, (22) = — s

- =
sin® 7, cos 4,

E, C} ,8 > = sin & cos &,

, §1N g, 81N 2) COS %, CON 2, CO8 (4, + 1,)

05,
2 0) — ' 2
2 cot’ o . > = cot 8 .cos* 8. co (i — 4

bl

C ey . .
, sin? 4, sin® 1, cos 7, cos 7,

o8
¢ 2 oY 4 2
2 cot a.( : > =cot B .cos* 8. cos* (i — 4)

This is the method used in most cases, but in the more inaccurate experiments it
was eagcier to find the sums of the squares of the errors for several pairs of values
of the constants, and thence, by a kind of interpolation, to find the best values of
the constants.

Since the values of K, B are determined independently, the nearness with which
they satisfy the relation E? = P B will gerve in some measure as a test of the

My
formulee.

I have for comparison given the deviations from CavcraY’s formulee, calculated with
the given value of e by the experimenter himself. These run roughly parallel
with the deviations from the theoretical values, and where there seemed any very
great deviation from parallelism, I have recalculated the results of Cavcmy’s
formula.  For instance, Jamin, for fire-opal, gives incorrect values for R1/RII
(his J/I).  On recalculating from the given values of B8, some of his values are found
to be the square roots of what they should be.

As an index of the accuracy of agreement, I have given the probable error of a
single observation, as calculated by the formula 4 6745 ,/(S/n — 1), where = is the
number of observations, S the sum of the squares of the errors.
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§ 8. JamIN (“ Annales de Chimie et de Physique,’ I1I™® Série, tomes 29 et 31).

Realgar—Air (29, pp. 292 and 295).

w=2454; A=+ 0254, B=-06989, F = — 0022, E= 4 ‘1565; e= -+ ‘0791,
/ﬂ . - v | Diftoy. | Differ-| 5% 8 Diffey. | Differ-
T % B. bserved 1 ence, 2 ence,
~L_ observed. | calculated.| ence. Cavcny. | observed calculated.| ence. Caveny
-
< > o o ! (o] i i i
> . 85 .. . .. .. .. 979 972 | +-007 | +°006
Om 84 .. 31 40 | 32 9 | —29 | —40 . .. . ..
e = 83 .. . .. . 962 *959 +:003 | +-001
= O 82 . 27 10 | 28 0 | —50 | —54 . . .. .
aole) 81 . . . . .. 951 944, +:007 | +004
=3 80 . 24 10 | 24 4 | + 6 | +12 . .. . .
79 . . . - . 927 926 +:001 | —-002
7)) 78 .. 20 0. 20 3 — 3 - 3 .. .. .. ..
5z 77 R . . .. ‘901 ‘903 | —002 | —006
=0 6 | .. 16 20 | 16 21 | —1 | + 1 . . . .
) 75 .. . . . .. 879 870 +:009 | 4004
025 74 . 12 33 | 12 55 | —922 | —10 . . .. .
8v 73 . .. . .. . 837 822 +:015 | +-009
=Z 2o .. 9 22 | 9 52 | —30 | —21 | -800 788 | 4012 | +:005
Te 71 . . . . 753 742 +:011 | 4001
k- 70 . 8 30 7 30 | +60 | +81%| 694 685 +:009 | —002
69 . . .. . .. 611 615 —004 | —012
68 .. 6 56 6 23 | +33 | +53 523 529 —-006 | —-040
67 . . . .. 433 443 | —010 | —-017
66 6 46 6 51 | — 5 | +19 364 365 —-001 | —-005
65 . . .. .. 292 302 —:010 | —012
64 . 8 46 8 30 | +15 | +36 251 253 —-002 | —002
63 . . .. .. .. 230 215 +015 | +013
62 . 10 33 | 10 42 | —9 | +9 193 186 +:007 | +-008
61 .. . .. . .. 170 163 +007 | +002
60 . 12 30% | 13 17 | —47 | —12 154 145 +:009 | -+-009
58 . 15 40 | 15 24 | +16 | +30 127 116 +:011 | +-012
56 . 17 33 | 17 41 | —8 | + 4 106 -096 +010 | +-011
54 . 19 55 | 19 55 0| +9 -090 082 +-008 | +°001
- 52 .. 21 36 | 22 0 | —24 | —14 075 070 +005 | +-006
" 50 . 93 18 | 23 59 | —41 | —85 052 060 | —008 | —-007
~ 48 . 2 30 | 25 52 | +38 | —14 046 052 | —006 | —006
— 46 . . .. . . 043 046 | —003 | —-002
< 44 . . .. . 034 | 040 | —:006 | —~-006
> P 42 | .. .. .. .. .. 025 035 | —010 | —-009
O H 40 . 32 40 | 32 19 | +21 | +28 024 031 —-007 | —006
M= 30 . . . . . 018 015 +-:003 | +-003
Eg Probable error . . . . . |2082|£22796| .. . 40054 | 0071
=uwu

# The observations marked (*) have been recalculated. For the first, Jamiv calculates 8° 9', giving
an error of + 21, which is clearly too small. Recalculation gives 7°9', with an error 1° 21'. The
second, JAMIN misprints 11° 30', but he gives calculated 12° 42', difference — 12/, showing that it should
be 12° 30', which is confirmed by the entry A (azimuth of small axis of vibrational ellipse) = 12°. 3 is

given in fractions of % .
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 863

Diamond—Aur (29, p. 297).

p=2434; A = — 0183, B ='00353, F = — 00045, E = 4 03577; e = + -0180.
, w = Differ- Differ- | % .61 Difter. | Differ-
Yo B observed. | calculated.| ence. onee, oL~ ence, onee,

Cavcny. | observed. | culated. CavcHy.

75 0|66 22 13 30 13 25 + 5 +13 ‘962 969 — 007 | — -008
74 064 7 12 13 11 31 +42 +50 955 963 | — 008 | — -009
73 0|58 37 9 46 9 40 + 6 + 3 ‘948 955 | — 007 | — -008
72 0|52 15 7 44 7 51 -7 + 2 *940 ‘944 | — ‘004 | — -002
71 0| 45 22 5 53 6 5 —12 — § 928 927 | + 001 -000
70 0|34 52 4 11 4 23 —12 — 3 ‘897 896 | + ‘001 000
69 30 | 31 57 3 45 3 34 +11 +20 -868 870 | — 002 | — ‘004
69 026 7 2 57 2 48 + 9 +39 ‘826 ‘829 | - 003 | — -003
68 30|18 45 2 3 2 7 — 4 + 5 769 759 | + ‘010 | + -011
68 014 O 1 30 1 36 — 6 + 2 640 634 | + ‘006 | 4+ -011
67 75% 13 2 1 23 1 28 -5 +1 545 545 000 | + -007
67 30|12 52 1 22 1 25 -3 -1 437 439 | — 012 | — -004
67 15 | 14 37 1 34 1 31 + 3 + 2 '363 362 | + 001 | 4+ -009
67 0116 22 1 45 1 43 + 2 + 2 -288 292 | — 004 | 4+ -002
66 30 |21 35 2 23 2 15 + 8 + 3 202 201 | + 001 | 4+ -005
66 0 27 35 3 9 2 56 +13 -7 ‘155 ‘150 | + 005 | + -008
65 0|35 45 4 20 4 24 — 4 -9 105 099 | + ‘006 | 4+ -008
64 0|43 40 5 46 5 51 — 5 +12 073 073 ‘000 | 4 -003
63 0151 45 7 36 7 19 +17 +10 063 ‘058 | + 005 | 4 -006
62 054 15 8 18 8 45 —27 —36 047 047 -000 000
61 01]59 15| 10 1 10 10 -9 -16 ‘042 ‘040 | + 002 | + 003
60 062 53| 11 35 11 32 + 3 + 1 032 ‘035 | — 003 | — -002
Probable error . + 2710 | 31184 | - .. . +'0038 | +£-0042

* JAMIN has ¢, =67° 55', which is a misprint, since JAMIN'S own calculation of & with ¢,= 67 55’ ought
to give & = ‘598, whilst 1, = 67° 45’ gives 538, the actual number in the table.
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864 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Blend—Ar (29, p. 296).

p=2371; A = 40275, B='01180, F = — '00060, E = 406713 ; ¢ = 4 '0296.
. Differ- PO o . Differ-
1o B. b l a 1 ﬁ{t 1 Differ- ence, cal- Differ- ence,
observed. \calculated.| ence. | o,y onv, | observed. | culated. enee. | Cavcnr.
76 0|70 15| 16 18 | 16 2 | +16 | —30 | 955 056 | — -001 | + -004
74 0| 64 45 12 34 12 17 +17 —14 ‘936 939 — 003 | — 005
72 0| 54 15 8 19 8 41 —22 —31 912 ‘912 000 | — -001
RTINS IFTIE I BE 13
3, : + + I3 7 . ] —_— — *
68 0|26 30 3 0 2 51 + 9 + 8 681 674 + 007 | 4+ ‘005
67 30|23 37 2 38 2 35 + 3 + 6 594 585 + 009 | + 008
67 0|22 55 2 33 2 38 -5 + 7 '4:71 481 — 010 | — -010
ool sl 2 Tel | G | %5 |- 008
6 28 4 1 3 1 + + *29¢ v — —
65 30132 O 3 44 3 44 0 + 7 246 243 + 003 | + ‘005
65 0137 25 4 33 4 2% 4-12 +28 %é% %2% + 8(1)1}5 + 8(1)2
64 0143 O 5 . 3 5 4 - + 6 : : + + -
63 0|50 15 7 12 7 2?); + z +21 (1)34(1)4 (1).})2 + 882 + 8(1)%
62 0] &84 30 8 23 8 — + 7 : : - — 00%
61 0159 15 10 1 9 49 +12 +23 075 079 — 004 | — 001
60 0| 61 45 11 4 11 11 — 7 + 9 ‘068 068 000 | — 001
Probable error . . . . .| 4623 | £12"25 . .. +:0040 | +-0046
Flint—Ar (29, p. 298).
p=1714; A= —-0317, B4 00260, F = 4 000094, E = 40339 ; ¢ = + '0170.
. | Differ- | 5_ 7 B .| Differ-
7o B. b il d ] 7‘171; d Differ- ence, 2 cal- Differ- ence,
observed. |calenlated.| ence. | o yopy | observed. | culated. | ¢ Cavuchy.,
65 15|33 15| 8 16 | 8 54 —égi —15 959 965 | — 006 | — 006
64 0129 15 7 5 6 58 + + 5 95 95 + 003 | — -010
63 0] 24 30 5 46 5 27 +19 +37 940 930 + 010 | — 001
62 0117 52 4 5 3 57 + 8 +28 ‘913 ‘912 + 001 | + ‘010
61 01|12 15 2 45 2 32 +13 +35 842 853 — 011 | + -035
60 30| 9 10 2 8 1 54 + 9 + 32 788 780 + 008 | + 053
60 O 5 31 1 13 1 25 —12 +10 623 1623 ‘000 | + 017
59 30 4 47 1 4 1 16 —12 + é ggg 322 88(1) + 8(1)2
5 0 6 45 1 30 1 32 — 2 + ’ 222 + -
58 30 8 47 1 58 2 5 -7 —10 149 ‘148 + 001 { + -018
58 0112 14 2 45 2 43 + 2 — 5 100 109 — 009 | + -008
57 01 17 42 4 3 3 44 +19 —14 071 ‘071 ‘000 | — -007
5 0123 15 5 26 5 34 — 8 —20 ‘022 822 '080 — 889
55 0129 O 7 0 7 1 — 1 — ‘041 ‘041 000 | — 2
54 0| 33 52 8 27 8 28 —- 1 —13 ‘034 ‘034, ‘000 | + 002
58 0|38 45 10 5 9 54 +11 — 1 027 ‘028 — 001 | — 001
Probable error . . . . .| 4944 | £1292 e . :I:'0035 40404
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 865

Fire-opal— Avr (29, p. 279).

p=1623; A= — 0040, B = 00594, F = 4 000063, E = + 0625 ;
e = not given.

_— B w @ Differ- [gff;zr- 8 — —;l 6 cal- | Differ- '%rff:er-

“or ’ observed. | calculated.| ence. Cav CH’Y' observed. culated. | ence. CA‘UCH,Y,
o 1 o / o 7 o i / [
60 0|27 30 3 8 3 4 + 4 ‘843 ‘810 | +-033
59 45|24 30 2 44 2 44 0 810 785 | +-025
59 30|21 30 2 22 2 27 -5 734 753 1 —019
59 15|19 30 2 8 2 11 — 3 703 714 | —011
59 0118 0 1 57 1 &7 0 5 ‘666 ‘664 | 4002 -
58 45116 30 1 47 1 47 0 3 609 605 004 2
58 30116 O 1 44 1 41 + 3 -‘-'; 540 537 | +-003 =
58 22115 0 1 37 1 39 - 2 kS 500 499 | +-001 §
58 15|15 15 1 38 1 39 -1 8 455 465 | —010 8
58 016 45 1 49 1 43 + 6 - 397 397 000 £
57 45|17 0 1 50 1 53 — 3 Z 337 -337 000 Z
57 30119 O 2 4 2 5 — 1 295 287 +-008
57 022 45 2 31 2 34 — 3 220 215 +-005
56 30130 O 3 28 3 16 +12 163 ‘169 —-006
5 0132 30 3 50 3 56 - 6 ‘143 138 +-005

Probable error . . . . .| 43"10 . . .. 40280

Hyalite—Awr (29, p. 281).
p=1421; A =000, B="00040, F = 4 00026, E = — ‘0150 ; e= — "0074.

. N 'A‘ .
i 3 @ @ Differ- D;f(t;el- 6 — 5 o cal- Differ- Ti;f(f)er-
0 ' observed. |calculated.| ence. | OiU C:{’Y. observed. culated.| ence. CAUCeI’IY.
| L
5 018 0| 1 57 151 | +6 —924 | —934 | +-010 ,
55 30| 11 30 1 13 1 6 + 7 g —898 | —885 | —013 <
5 15 5 37, 0 36 0 45 -9 = —850 | —822 | —-028 &
5 0] 4 22| 0 28 0 28 0 = —641 | —656 | +015 B
54 52 4 6 0 26 0 25 + 1 3 —500 | —+489 | —011 =
54 45| 4 15| 0 27 0 27 0 S —329 | —345 | +016 °
54 30 8 0| 0O 51 0 4¢ + 8 B —177 | —178 | +-001 2
54 1510 56| 1 10 1 4 | +6 “ —140 | —114 | —-028 A
5303018 30| 2 1 2 12 —11 —092 | —055 | —037
Probable error . . . . .| 4465 e .. .. +-0218

MDCCCXCIV.—-A, 5 8
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866 MR. 0. A, SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Glass—Adar (29, p. 299).

p=1487; A =-—"0064, B="000296, F = — 00030, E =+ ‘0154 ; e =+ 00752.
o Bl w @ Differ- D;gs;' 0 — % 6 cal- | Differ- Delrflizr'
observed. |calculated.| ence. Cavony. | observed. culated.| ence. CAUCHY.
61 ‘0|51 55 7 38 7 44 —6 -3 981 984 —-003 —+004
60 0] 45 24 6 5 6 12 —7 +36 978 980 | —-002 | —:002
59 0|37 40 4 38 4 38 0 — 2 975% 973 +-002 ++002
58 0|26 45 3 2 3 5 -3 —48 | 958 959 —-001 —012
57 30|20 26 2 15 2 18 —3 0 | 949 944 +°005 —004
57 15 17 2 1 51 1 55 —4 -1 ‘935 933 +002 +001
57 0|14 56 1 36 1 32 +4 +24 ‘913 ‘916 —+003 —-004
56 45 | 11 17 1 12 1 9 +3 + 5 "898 *888 +-010 +-010
56 30| 8 7 0 52 0 48 + 4 + 5 ‘846 ‘832 +014 +-009
56 15, 4 37 0 29 0 29 0 + 1 686 701 —015 +:005 |
56 0] 3 22 0 21 0 22 -1 -1 420 417 ++003 +-024 |
55 45| 5 15 0 33 0 36 —3 — 6 223 214 +-009 + 064
55 30| 8 32 0 54 0 56 —2 — 5 ‘141 ‘133 +-008 +-014
55 15 | 11 52 1 16 1 18 —2 + 7 085 095 —-010 000
55 0116 O 1 44 1 41 +3 -1 ‘058 073 —-015 —-003
54 30|23 3 2 34 2 27 +7 + 4 ‘046 050 —-004 —+002
54 0|27 38 3 9 3 13 —4 — 8 ‘036 038 —-002 —-001
53 30 {33 56 4 3 4 1 +2 0 *032 031 | +:001 | +-003
Probable error . . . . . £263 | L1077 .. . 40053 | 4--0119

# JaMin gives ‘985 instead of *975; but the difference (Cavcuy) *002 given by Jamin shows that 8 is a
migprint for 7; in any case it does not make much difference.

Fluorspar—Awr (29, p. 300).

p=1441; A =+ 0043, B = 00080, F = + 00104, E = — ‘0202 ; ¢ = — *00969.
i B @ o Differ- Deﬁeg' 86— g & cal- | Differ- Izlnfi?'
observed. |calculated.| ence. Caveny. | observed. culated.| ence. CADoiLy.

o / [e] 1 o 1 o U ‘ i

60 052 7 7 42 7 28 +14 +13 { —986 | —978 | —008 | —-006
57 30|32 30 3 50 3 36 +14 +15 —957 | —954 | —-003 | —-001
57 0|25 52 2 55 2 49 + 6 +10 —943 | —941 | —002 | +-001
56 30 |18 18 1 59 2 3 — 4 — 3 —916 | —917 | +-001 | +4-007
56 013 0 1 23 1 19 + 4 + 6 —868 | —866 | —002 | 4-008
55 45| 8 10 0 52 0 59 -7 — 3 —-819 | —808 | —011 | 4003
55 15 6 0 0 38 0 36 + 2 + 5 —463 | —467 | +-004 | 4036
55 0| 6 35 0 42 0 43 -1 + 5 —265 | —'269 | +-004 | +-017
54 451 9 15 0 59 1 0 -1 + 4 —175 | —171 | —-004 *000
54 30111 38 1 14 1 20 — 6 - 3 —125 | —123 | —002 | —-002
54 15|15 15 1 38 1 42 — 4 -1 —099 | —095 | —004 | —-005
54 0120 O 2 11 2 4 + 7 + 4 —078 | —077 | —:001 | —-002
53 30|26 45 3 2 2 50 +12 + 14 —059 | —056 | —003 | —-004
53 0132 0 3 45 3 37 + 8 +10 —051 | —-044 | —007 | —-009
Probable error . +£582 | £556 . .. 40034 | +-0080
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Lssence of Lavender—Air (31, p. 173).
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o= 1462 ; A = 4 003887, B = 000027, F = — *00096, E = -4 00670 ;
e = - *00150.
| . Differ- A & - Differ-
. : w w Differ- - Differ-
LU B. observed. | calculated.| ence. Cence 2 cal- ence. ence
; AucHy. | observed. | culated. CavcHy.
|
56 32 16 0 1 26 1 24 | +2 | +2 967 962 | + ‘005 | — 004
56 20 (13 O 1 9 1 5 + 4 + 2 944 . ‘952 — 008 | — 019
56 14 | 10 20 0 55 0 56 -1 — 3 ‘941 ‘944 | — 008 | -- ‘017
56 81! 8 40 0 46 0 46 0 — 2 932 933 | — 001 | — -017
56 2! 6 15 0 33 0 37 — 4 —_6 ‘917 ‘918 | — 001 | — -021
55 561 4 43 0 25 0 28 - 3 — 5 922 893 | 4+ 029 | 4 -004
55 50| 4 20 0 23 0 19 + 4 + 2 -899 ‘848 | + 051 | 4- 011
55 441 1 58 0 10 0 11 -1 0 758 752 + 006 | — ‘038
55 38 1 18 0o 7 0 6 + 1 — 1 501 528 | — 027 | — 021
55 321 1 40 0 9 0 12 — 3 — 3 282 278 + 004 | + ‘058
55 26 . 4 20 0 23 0 21 + 2 + 4 187 164 | 4+ 023 | + 064
55 201 5 30 0 29 0 30 — 1 0 136 ‘115 + 021 | + 049
55 14 . 6 22 0 34 0 39 — 5 — 5 ‘103 ‘086 + 017 | + -022
55 8 8 50, 0 47 0 49 | — 2 0 081 ‘069 | + ‘012 | + ‘03
56 2110 20 0 55 0 58 — 3 — 1 ‘046 ‘057 — 011 | + -004
54 56 | 13 10 1 10 1 8 + 2 + 4 ‘046 ‘048 — 002 | + 010
54 50 | 14 30 1 18 1 16 + 2 + 3 ‘042 ‘042 ‘000 | 4+ -010
54 44 ! 16 50 1 31 1 1 27 + 4 + 4 ‘034 ‘038 — 004 | + -005
54 38118 0 1 38 | 1 36 + 2 + 3 030 ‘034 | — 004 | + -005
Probable error . . . . .| £160| 2 167 +°0102 | 0160
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868 MR. G. A SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Distilled Water—Aar (31, p. 174).

po=1333; A =000, B="00016,F = — 00018, E = — '0126; e = — "00577.
. ; A{ * [y
: ; = w | Differ. | Differ- | ;% o | Diftoy. | Differ-
o B observed. | calculated.| ence. Cence‘ “ o ence, enee
AUCHY. | observed. | culated. Caucay.
55 3639 0| 4 ° 4% | +1 | +1l 1 —981 | —976 | — 005 — -005
54 54123 0 2 8 2 54 —46 —47 =977 —-967 | — ‘010 | — 008
54 30116 O 1 26 2 15 —49 —50 | —'957 —957 ‘000 | 4+ 004
54 3112 30 1 7 1 32 —25 —27 =937 —+937 ‘000 | + -005
53 50 -, . 1 11 .o e | =917 —919 | + 002 | + -008
53 42|10 37 0 56 0 59 — 3 — 3 | —899 —902 | + ‘003 | + 010
53 35| 8 59 0 48 0 48 0 0 —884 | —870 | — 014! + 004
53 30 7 30 0 40 0 40 0 — 1 —854 | —857 | + 003 | + ‘006
53 231 5 30 0 29 0 30 —1 — 2 —'829 —807 | — 022 | — 010
53 191 5 30 0 29 0 25 + 4 + 1 —727 — 763 | 4 ‘036 | + 049
53 151 4 30 0 24 0 20 + 4 — 2 —703 | —699 | — 004 | + -009
53 121 3 52 0 20 0 18 + 2 + 2 — 623 | —635 | + ‘012 | + 023
8 91 3 0 0 16 0 16 0 - 2 —'554 | —557 | + ‘003 | + -008
83 71 3 0 0 16 0 16 0 0 —+500 —+500 ‘000 000
53 6| 3 O 0 16 0 16 0 0 — 434 —472 | + ‘038 | + 036
53 31 3 0 0 16 0 17 — 1 — 2 — 436 | —390 | — ‘046 | — ‘054
52 8591 3 50 0 20 0 21 -1 -1 —295  —-301 | + -006 — -007
52 55 5 4 0 27 0 26 + 1 + 2 —250 —237 | — 013 | — -026
52 50, 6 0 0 32 0 32 0 + 3 —-153 —184 | + 031 | + -018
52 46| 6 4 0 32 0 38 — 6 + 2 —134 | —154 | 4 020 | 4+ -009
52 42| 8 55 0 47 0 44 + 3 + 8 —138 | —133 | — 005 | — -009
52 38110 15 0 54 0 50 + 4 + 4 —106 | —'116 | 4+ 010 | + -001
52 31|18 15 1 11 1 1 +10 +11 —087 —-095 | + ‘008 ‘000
52 26 | 13 50 1 14 1 9 + 5 + 5 —-079 —-084 | + ‘005 | — 002
52 16 | 15 54 1 26 1 25 + 1 + 2 —070 | —068 | — 002 | — -008
52 5119 7 1 44 1 43 4+ 1 + 2 —-058 —056 | — 002 | — -007
51 45 |21 10 1 56 2 15 —19 —10 —054 —-042 | — 012 | — ‘015
51 24124 O 2 14 2 49 —35 —30 —-046 —034 | — 012 | — ‘016
50 86129 O 2 47 3 34 —47 —47% —+032 —-026 | — ‘006 | — -008
Probable error . . . . .| 1222 4 12:17 .. . 40113 | 40129

% This is recaleulated ; Jasin has + 11', which is certainly wrong.
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Ferric Chloride Solution §—-Avwr (31, p. 175).

p= 13872, A = + 00083, B="00068, F = + 00005, E = — *0222, e = — *01056.
, - e | Differ- | Differ- |5 X1 2| g, | Differ-
o ‘o B- observed. |calculated.| ence onee, 2 cal- ence. | Oho%
T ' ' * | Caucay. | observed. | culated. " | Cauvcwy.
< e 55 29126 0 2 27 2 31 — 4 — 8 — 954 —952 | — 002 | — ‘019
NS 55 23,25 0| 2 20 | 2 922 | —92 | —15 | —<938 | —048 | + 010 , — 001
@) s 55 17 124 0 2 14 2 12 + 2 — 2 —930 —922 | — -008 ‘w -- 004
4= 55 11123 0| 2 8 2 3 | +5 | +1 | —912 | —9017 | + 005 | + 009
= O 55 5,20 0 1 49 1 54 -5 — 8 —-930 —910 | — 020 | — -016
I ®) 54 59 19 0 1 44 1 45 —1 4 —911 —-902 | — 009 | — 004
— 54 53 |18 10 1 39 1 36 + 3 -1 —'899 —-893 | — 006  — -001
= 54 47 115 30 1 23 1 27 ~ 4 — 6 — 887 —882  — 005 000
:E“n 54 40,14 O 1 15 1 16 -1 — 6 —-867 —-866 | — 001 | + -007
% 54 85113 0| 1 9 19 0 +1 —848  —851 | + ‘003 | + -010
EQ 54 29 1 10 30 0 56 1 1 — 5 — 3 —832 | —-829 | — 003 | + ‘005
°'£l.-)u. 54 231 9 0 0 48 0 53 ) — 7 —810 | —-802 | — 008 | — -001
8<o 54 17 8 30 045 0 46 -1 - 2 —743 | —764 | + 021 | + 030
0‘2 54 111 8 0 0 42 0 40 + 2 + 2 —706 —714 | + 008 | + ‘017
=% 54 5 7 0 0 37 0 36 +1 + 2 —-639 —648 | + 009 | + -017
Led 53 59 7 0 0 37 0 33 + 4 + 2 — 546 —564 | 4+ 018 ; + -029
Al 53 55 7 0 0 37 0 32 + 5 + 5 —+500 —501 | + 001 000
83 80| 7 0 0 37 0 34 + 3 + 5 —416 —424 | + 008 | + -006
53 441 8 30 0 45 0 39 + 6 +10 —361 —342 | — ‘019 | — 024
53 38| 8 30 0 45 0 44 +1 + 4 —-318 — 277 | — 041 | — -047
53 321 9 0 0 48 0 52 —4 0 —252 —-229 | — 023 — -030
53 26,10 O 0 53 0 59 — 6 - 2 —-183 —-193 | + 010 | + 004
53 20112 0O 1 4 1 8 — 4 0 —161 —166 | + ‘005 | — -002
53 14|13 30 1 12 1 16 — 4 0 —'142 —145 | + ‘003 | — 003
53 8116 O 1 26 1 25 +1 + 5 . —-128 . ..
53 2118 O 1 38 1 34 + 4 + 8 —-101 —115 | + 014« + -009
52 56118 O 1 38 1 43 -5 -1 —-099 —104 | + -005 , 000
52 50120 O] -1 49 1 52 — 3 + 6 —+092 —095 | + 003 { — -001
52 44122 0 2 1 2 2 -1 + 3 —-070 —087 | + 017 | + -013
52 38124 0 2 14 2 11 + 3 + 7 —+060 —081 ! + 021 | 4 -017
4 52 82125 O 2 20 2 20 0 -1 —-047 —-075 | + 028 | + ‘024
T 52 25126 O 2 27 2 32 ) —38 —-036 ~069 | + 033 | + 030
L
2 Probable error . . . . .| £2"39 | £5"77 +-0986 | 1159
> i
5
e
= O
L O
= u
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870 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Qlass in Water (31, p. 184).

p= 1115, A =000, B= 0020, F = — 00107, E = <+ 0390, e = - *02078.
i @ w Differ- Differ- 0 "g— 51 Differ- Differ-

W B observed. |calculated.| ence. Oence, bser va ence. ence,
AvcHY. | observed. | culated. Cavcmy.

49 0121 30 1 58 1 51 + 7 + 5 ‘881 ‘851 4+ 030 | + ‘044
48 48 |17 0 1 32 1 33 — 1 0 ‘823 ‘818 4 005 | + 029
48 36 |14 O 1 15 1 16 — 1 0 791 769 4+ 022 | + 046
48 24112 0 1 4 1 3 + 1 + 2 705 686 + 019 | + 040
48 18|11 O 0 58 0 58 0 + 1 639 642 — 003 | 4+ 026
48 12 | 10 15 0 54 0 55 -1 0 556 582 — 026 | + ‘003
48 6| 8 0 0 42 0 54 —12 —11%* 493 | 514 — 021 | + -016
48 0110 0 0 53 0 54 — 1 — 2 470 446 + 024 | 4+ 045
47 54 |11 30 1 1 0 59 + 2 + 2 393 382 + 011 | + -026
47 48 |12 30 1 7 1 4 + 3 + 4 292 327 | — ‘035 | — 025
47 86 |16 30 1 29 1 18 +11 +12 ‘238 243 — 005 | — -001
47 24118 30 1 41 1 34 + 7 45 186 189 — 003 | + 000
47 12| 21 30 1 58 1 56 + 2 + 5 182 152 + 030 | + 028
47 6122 O 2 1 2 2 — 1 — 5 158 139 + 019 | 4+ -021
46 48 125 O 2 20 2 33 —13 —13 ‘146 108 4+ 038 | 4+ 035
Probable error . . . . .| 419 | 423 +£°0155 | 40202

* Recalculated, Jamin has +6'.

Glass in Ferric Chloride & (31, p. 185).
= 1091; A =+4-0200, B="00080, F = 4000104, E = 0278 ; e= 4 "01355.

A P e e | O oy L b |

’ observed. | calenlated.| ence. Caveny. | observed. | culated. | ¢ | Cavcay.
48 40 | 22 15 2 3 2 6 — 3 —13 910 ‘914 | — 004 | + ‘015
48 25|22 30 2 35 1 40 +25 +18 "898 894 | + 004 | + 004
48 17 | 17 30 1 35 1 26 + 9 + 1 877 ‘876 | + 001 | + ‘002
48 2|11 10 0 59 1 0 -1 + 4 841 ‘829 | + 012 | + ‘011
47 50|10 30 0 56 0 45 +11 + 5 ‘753 759 | — 006 | — -010
47 145 7 15 0 39 0 38 + 1 — 6 "700 ‘704 | — 004 | — ‘003
47 39| 6 30 0 34 0 35 — 1 — 7 646 ‘644 | + 002 | + ‘003
47 32| 6 20 0 33 0 34 | — 1 -5 535 537 | — 002 | + ‘001
47 30| 6 30 0 34 0 34 0 0 *500 505 | — 005 ‘000
47 27| 7 35 0 40 0 36 + 4 + 5 460 455 | + 005 | + ‘011
47 20| 7 55 0 42 0 42 0 + 3 351 380 | + -001 | + -008
47 11| 9 20 0 49 0 54 -5 0 239 253 | — 014 | — -007
47 4110 0 0 53 1 5 —12 — 6 210 203 | + 007 | + ‘013
46 47 115 0 1 21 1 33 —-12 — 5 ‘141 ‘133 | + 008 | + -012
46 35|20 O 1 49 1 54 -5 + 2 ‘111 ‘106 | + 005 | — -003
46 25| 24 30 2 17 2 12 + 5 +22 091 ‘090 | + 001 | - -004
46 16 | 28 15 2 41 2 28 +13 +20 082 ‘079 | + ‘003 | 4 -005
46 3| 34 22 3 25 2 50 +35 +41 064 ‘068 | — ‘004 | — 003
45 30|37 0 3 46 3 51 — 5 +13 027 ‘049 | — 022 | — -023
Probable error . . . . .| +&%28 | +9"50 e 400645 |4-00724
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$ 9. Kurz (‘ Poggendorft, Annalen,’ Band 108, p. 588).

Glass in Air.

A
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

3

\

y i
///

A

Py

5

p=15968; A =000, B="0085 F = — 00016, & = + ‘074 ; e = '0365.
) - @ Differ. | Differ- »Differ« 5 _;g 5 Diftep. | Differ- | Differ-
G| observed cal- once ence, ence, 2 cal- ence. ence, ence,
"| culated. " |Frusyen.] CAvcuy.| observed. | culated. CavcHY.| GREEN.
o i (o) i o i i i [e] 1 o ¢
75 01 23 10 |25 42| —2382 —228 |—2 28| 991 ‘981 | +°010 | +-007 | +4-001
73 0 21 54 22 52|—058| —0 58 | —0 58 ‘991 977 | +014 | +014 | +-011
71 0118 9 (20 1/—152| —145|—-145 986 972 | 4014 | +-014 | 4011
69 0 15 41 |17 6 |—1256) —1 24 -1 17 "985 966 | 4019 | +-019 | 4016
67 01 12 26 |14 8| —142 | —142|—-133|. 975 ‘957 | +°018 | +-017 | +°014
65 0| 9 b4 |11 8|—114| —102 |1 22 ‘961 ‘944 | +-017 | 4016 | +013
64 0 9 42 | 9 38|+0 4| +018 |40 4 953 935 | 4018 | 4018 | +-014
63 0, v 718 8|-1 1|-045]|~-1 1 ‘933 922 | 4-011 | 4--011 | +-007
62 0| 6 34| 6 38|~0 4| +015| -0 4 916 903 | +°013 | +-012 | +'008
61 O 4 5 | 5 11|-015| +011 | —015 "882 875 | 4017 | +-007 | 4-003
60 0| 4 1| 3 474014 | +0 49|40 14| 856 ‘825 | 4031 | 4031 | +-028
5931 3 8] 3 9|—-0 1| +042 -0 1 818 784 | +°034 | 4+-034 | +-031
50 0 2 31| 2 8 |—0.4|4+052|—-0 5 732 725 | +-007 | +-007 | +-005
5830 2 10 | 2 10 0 +117 0 -603 ‘641 | —038 | —034 | —-035
58. 0 1 58 | 1 58 01 +1 52 0 503 526 | —023 | —026 | —027
5730 2 21 2 4/—0 2| +122|—-0 3 "363 406 | —013 *000 -000
57 0 2 13 | 2 251—012 +0 46 |—013 ‘318 307 | 4011 | +-016 | +-015
5630 2 54 2 56|--0 2| +042 | -0 2 217 237 | —020 | —016 | —-019
56 0| 3 21 3 32,-030} +0 3031 219 ‘189 | ++030 | 4034 | 4030
5530 3 38| 4 11/-033| —0 7 |—0 34 '181 156 | 4025 | +-028 | 4024
55 0| 4 21 | 4 53-032) —010|—0 32 ‘151 ‘132 | 4019 | +-022 | +-018
54 0 5 49 | 6 17 —-028| —012 -0 29 108 100 | 4008 | +-010 | 4006
53 0| 6 56 | 7 44 1—-048| —0 35| —0 48 091 080 | 4011 | +-013 | 4008
52 0 8 51 1 9 10|—-019| -0 9|—019 073 067 | 4006 | 4-008 | -+-003
51 0| 9 50 110 35 |—045| —0 38 | —0 46 067 056 | +-011 | +-012 | +-007
50 0 11 89 |12 1/-022) —0 15 —0 20 ‘055 048 | 4007 | +-007 | 4-002
48 0] 14 9 |14 47 |—-038| —0 33 |-—0 38 051 ‘038 | +013 | 4014 | 4-009
46 0| 16 28 |17 28| —~1.0| —056|—1 O 038 ‘030 | 4+°008 | +-008 | +'003
440118 54 120 1|1 7| -1 5|—-1 7 035 025 | 4010 | +-011 | +-005
42 022 16 |22 27| —-011| —010|—0 11 032 021 | 4011 | +-012 | 4006
40 0} 24 51 {24 45,40 6| 4+0 7|+0 6 031 018 | +°013 | +-014 | -+-008
38 0|27 0|2 53|40 7 +0 8|40 4| .. . .. . -
36 0| 28 49 |28 54|—-0 5| -0 4,—-010 .. . .. .
34 029 44 |30 51 |—-1 7| —~1 6|—1 7 . .. .. .
32 0] 33 35 |82 36]+4059]| +0 59 |40 56 .. .. . .-
30 0 34 3|34 13/-010| —-010|—-011 o . . e
Probable error . . . |+34"50| £37"98 | 3446 . oo | ==0056 | 40058 -4--0051
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872 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

§ 10. QuiNncke (‘ Poggendorff, Annalen,” Band 128).

Flint-glass in Avr (128, p. 367).

p=16160; A = — 0625, B = ‘00533, F = — 00070, F = 4 0562 ; e = 40290,

p,' = 1'609.

. w @ Differ- ]zllfgel b czfl Differ- Differ-

o B. observed. | calculated.| ence. e cf{’Y. observed. culat; Q.| ence. C(j\%(‘};;‘:
70 0 61 41 18 % 18 27 | — 20| — 8 ‘966 975 | — 009 | — 003
64 0141 55 9 O 9 32 — 32| - 15 *952 947 + 005 | 4+ -011
62 030 31 5 56 6 28 — 32| - 17 930 920 + 010 | + 015
61 0 24 12 4 32 4 57 | — 25| — 12 ‘890 ‘894 | — 004 | + 003
60 016 44 3 2 3 36 —_ 34| - 17 ‘837 845 — 008 000
59 30 16 18 2 57 2 50 |+ 7|4+ 18 786 ‘802 | — ‘016 | — 005
5 0 12 35 2 15 2 12 + 31+ 12 740 732 + 008 | + 020
58 30 10 1 1 47 1 43 + 4| + 6 630 618 + 012 | + -022
58 7! 7 15 1 16 1 31 - 15| — 18 498 501 — 003 | + -006
57 40! 8 50 1 34 1 33 + 1! - 9 359 365 — 006 | — 003
57 2010 25 1 51 1 46 + 5| - 7 ‘284, 287 | — 003 | — 001
57 0,12 21 2 12 2 5 -+ 71— 8 238 231 + 007 | + 009
56 30 \ 14 15 2 34 2 40 — 6| — 22 ‘175 174 + 001 | + 001
56 0 | 15 44 2 51 3 20 | — 29| — 46 137 ‘138 — 001 | — 001
54 0129 34 5 44 6 12 — 281 — 45 ‘069 073 — 004 | + 002
52 041 0| 8 43 9 6 | — 23| — 24| 049 049 000 | + -001
50 0148 25| 11 14 11 58 | — 44| —1 O 034 036 | — -002 000
40 0 69 27 25 11 26 11 -1 0| =1 2% ‘018 ‘013 + 005 | + 007
30 017 36 34 29 34 37 —0 8| —0 24 ‘010 006 + 004 | 4+ 005
Probable error . . . . .| 416792| £21"'19 .o .. ++00153 | 4--00192

# Recalcnlated ; Quinckr has + 16, which is obviously wrong.

I have given & in fractions of I\ as in the previous experiments; QUINCKE himself gives it in
fractions of . ’

@ is the value of p QuINCKE finds it necessary to use for calcnlating his experiments by CAvuCHY’s
formula, in order to obtain any satisfactory agreement with that formula whatever.
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MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 873

Avr wn Flint-glass (128, p. 368).

po= 0'6188; A = + 0667, B = 0050, F=4 ‘00144, E= —'0861; e= — 0505.
, @, w Differ- D;f&: ° D) cafl Differ- Illf:;.

‘o B. observed. |calculated.| ence. OiUEH’Y. observed. culat:a q.| ence. C AUCH’Y'
33 58145 21| 10 7 9 26 + 41| 4+ 50 —919 —642 | .+ 023 | 4 ‘018
33 22| 34 12 6 50 6 33 + 17+ 11 —905 —921 | + 016 | + -005
32 47 | 24 41 4 28 4 8 4+ 30| + 26 — 866 —878 | + 012 | — ‘004
32 29|17 30 3 11 2 58 + 13|+ 6 -—+809 —829 | + -020 | — ‘001
32 12113 2 2 20 2 1 + 19| + 7 —-730 —742 | + 012 | — 015
31 59| 9 5 1 37 1 32 + 5] — 10 —614 —610 | — 004 | — 023
31 51 6 19 1 7 1 26 — 19| — 36 —498 —498 ‘000 | — -005
31 48| 6 51 1 13 1 28 — 15| — 30 — 454, — 454 000 -000
31 86|10 8 1 49 1 47 + 2| - 10 — 286 —305 | + 019 | 4+ -037
31 18|14 25 2 86 2 40 - 4 - 9 — 243 —181 | — 062 | -- 037
31 0119 46 3 88 3 42 — 47— 5 —-121 —124 | 4+ 003 | 4+ -023
30 43| 24 47 4 39 4 41 — 2| - 8 —-082 —094 | + 012 | 4+ ‘030
30 25| 81 16 6 -7 5 45 + 221 4+ 24| —-064 —074 | + 010 | + -025
29 50 | 43 56 9 38 7 49 +1 49 | +1 56 —028 —052 | + 024 | 4+ -037
29 16 | 48 30 11 16 9 41 +1 35| +1 41 —+020 —039 | + 019 | + -030
28 41 | 55 10| 14 13 11 35 +2 38 | +2 45 —015 —031 | + 016 | + -021
Probable error . . . . .| +£3864| 14124 .. .o ++0288 | 40320

Flint-glass in Water (128, p. 372).

p=12096; A= 41667, B="0120, F = 4 0127, E = + 0737 ; e= -+ 041,

p = 12312,

; P @ w Differ- Bfizl i 8 dcal- | Differ. Ingir'

0 observed. |calculated.| ence. Cavorny. | O0served. | culated. | - ence. CAvGRY.
56 8|43 2 9 21 10 37 | =116 | —2 33 941 935 | 4006 000
54 39135 20 7 8 6 20 | 4048 | +0 34 941 913 | 4028 | + -012
53 54129 17 5 39 5 9 | 4+ 80|+ 16 910 ‘894 | 4016 | + -037
53 9121 19 3 56 4 0 | = 4| - 17 899 ‘863 | +-036 | 4+ -027
52 25|16 35 3 0 2 58 |+ 2|+ 10 824 812 | 4012 | + -054
52 2|14 16 2 34 230 |+ 4 - 20 "786 769 | +-017 | 4+ -029
51 40 | 10 28 1 52 2.9 - 17, — 33 709 710 | —001 | + -013
51 25|11 48 2 7 2 0 4+ 7.4+ i 662 655 | +-007 | 4+ -020
51 10|10 55 1 57 L 56 [+ 1+ 2 555 587 | —032 | + -026
50 55|10 17 1 50 1 57 | — 7] — 2 500 510 | —010 | — -016
50 11115 8 2 44 2 28 | 4+ 16| + 31 *299 303 | —004 | — ‘011
48 27119 43 3 37 4 56 | —1 19| — 56 209 ‘119 ) 4090 | + 081
47 58130 6 5 49 5 40 | 40 9| + 32 ‘127 099 | 4028 | + -019
45 47 145 101 10 ¢ 9 13 |+ 50| +1 5 071 057 | +014 | + -010
Probable error . . . . . .| £25"15! 4£35"10 . . 40211 | 20630

MDCCCXCIV.—A. b
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874 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

Water in Flini-glass (128, p. 873).

p=08267; A= — 20, B=0100, F= — 0123, E= — ‘0751; e = — "052.
; p = w | Ditfer- | Differ- 15 el | Differ. | Differ
o ’ observed. |calculated.| ence. CAUCHY. observed. | culated. | ence. Cavcny.
& 5540 19 § s 730 | +1 1, + 51| —831 | —929| 4098 | + 079
41 18 | 32 24 6 23 5 58 +025 | + 16 —831 | —911 | +-080 + 063
40 40| 28 15 5 25 4 28 + 571 + 51 —831 —'877i +-046 + 026
40 3,19 58 3 40 2 59 + 41 + 29 —786 —807 | +-021 4+ 008
39 45|15 39 2 50 2 23 + 27 + 14 —+718 —737 | +019 + 012
39 27 9 40 1 43 1 49 — 6| — 26 — 633 —620 | —-013 — 011
39 15 7 55 1 24 1 33 — 9| — 35 —-521 —518 | —-008 — 047
39 2 8 31 1 31 1 26 + 5 — 24 — 446 —-392 | —054 — 031
38 50 8 54 1 35 1 29 -+ 6| — 26 — 274, —301 | 4027 + 121
38 13| 16 24 2 58 2 23 + 351 + 4 —-111 —155 | 4044 + 118
37 86|21 51 4 3 3 43 + 20 — 8 —025 —-099 | 4074 + -120
37 0126 30 5 2 5 6 - 4| — 32 —014 —072 | +-058 + 091
36 23|32 38 6 18 6 32 — 14 — 18 + 004 —055 | 4059 + 092
35 47138 3 7 51 7 56 — 5| + 41 4004 —045 | +-049 + 071
Probable error. . . . . .| 4£20"28| 42090 .. .. 40383 | 0516
Crown-glass in Air (128, p. 375).
p=15149; A = — 0300, B = '00040, F = — 002683, E=+4 '0113; e= 400502,
/7
po= 1-510.

: 5 - C Difter- | Differ- o S| Differ. | Differ.

o ) observed. | calculated.| ence. Cavory. observed. | o4 q | ence. oy,
80 0|74 50| 32 59 | 83 96 | —27 | —26 | 943 | ‘998 | —055 | —-054
60 0126 51 5 6 5 35 —29 —24 ‘897 981 —084 —-087
58 0] 14 36 2 38 2 29 + 9 +15 ‘888 ‘961 —073 —076
57 30 9 34 1 42 1 42 0 + 5 ‘877 944, —-067 —+070
57 0 6 9 1 5 0 58 + 7 +17 ‘870 ‘896 —+026 —-028
I 56 40 3 38 0 38 0 31 + 7 +16 777 772 +-005 +-010
’ 56 30 2 11 0 22 0 23 — 1 + 7 568 579 ‘ —011 | +-024
{ 56 20 2 42 0 29 0 24 + 5 + 8 321 ‘3!5 . +006 | +-055
56 10 2 30 0 26 0 33 — 7 — 5 162 180 —018 +-007
56 0 5 2 0 58 0 46 + 7 + 5 ‘063 (121 | —-058 —041
55 30 8 33 1 31 | 1 30 + 1 — 2 ‘049 ‘059 | —-010 —-003
55, 011 9 1 59 ¢ 2 16 —17 —20 ‘035 ‘038 ] —+003 + 001
54 0 18 56 3 28 3 85 — —20% 028 '022 | +°006 +-008
52 0 31 58 6 17 6 51 —34 —40 ‘025 ‘012 i +013 4014
50 0 44 48 9 56 9 52 + 4 — 1 ‘003 ‘007 i —004. —011

[
Probable error . . . . . £10"39 |£12"13 .. .. o 10269 | 0284

* Recalculated.
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Air in Crown-glass (128, p. 376).

m=0'6601; A= —0667, B="00111, F = — 00583, E = — '0250; e= — "0173.
; . X . o
. 5 = v | Difter. | Differ- |52 2] Dy, | Differ
’ observed. |calculated. | ence. CavcHy. observed. | culated.| ©2¢® CAUCHY.
e )

-~ 34 31|28 43 5 31 4 31 |[+1 O |+1 4| —98 | —963 | +:027 | +-019
> 34 12 |17 23 3 10 3 20 —0 10 -0 5 —-948 — 954 + 006 —-008
< P 33 52114 6 2 32 2 8 40 24 4+0 29| —930 | —934 | +:004 | —-026
> — 33 33| 7 18 1 18 1 3 |40 15 +0 19| —922 | —850 | —072 | —-130
@ 0 33 27| 4 14 0 45 0 45 0O 0/+0 2| —760 | —760 ‘000 | —-066
(=4 — 33 20 2 28 0 26 0 32 |—-0 61—0 10 — 489 —502 4013 + 010
13N @) 33 14 3 21 0 35 0 34 |+0 1|—0 6 —281 —263 —-018 + 044
: O 32 54 7 41 1 22 1 29 —0 7 ,—0 16 —101 —077 —024 +015
— o 32 35|12 20 2 12 2 32 —0 201(|—-0 30 — Q77 —044 —-033 —+009

31 57 |26 1 4 55 4 39 |+0 16 |+0 5 —064 —024 —040 —-028

27 34|62 5 18 24 17 27 |40 57 |+0 44% —-064 — 004 —-060 —-056

25 34|67 4| 22 37 22 13 |+0 24 [+0 8% —077 | —003 | — 074 | —-072
Probable error . . . . .|%13"69 |4+13"37 .. .. +-0277 | 0371
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The expressions for A, B, D, E are given on p. 856, Considering the values of A,
B—C, ¢, J, given on the same page, we see that A, ¢ do not change when the
two media on either side of the variable layer are interchanged. B — ¢ merely
changes sign, and 5 does the same—this is evident from the physical meaning of J;
we have to take an element P and another element Q, form the expression

2 2
/’% — R multiply by the product of the elements, and then sum, first, for all
Q

2

P
elements Q on that side of P from which the light comes, and, lastly, for all the
elements P of the film; calling the result 5, 3’, according as the light comes from one
or the other side of the layer, clearly in forming the sum J + J° we must sum

2 2
5-1’73 — ’%}5 for all elements Q and for all elements P, hence 5 4+ 4 vanishes, since the

Q P

two elements of the integral for any two points P, Q destroy each other.

An inspection of the values of A, B shows that they should have the same values,
whether the light comes from one side or the other—provided, of course, the layer

remains the same. .
Mo®  2md

As for D, E — D becomes + 2u, %—- -+ ——, K becomes
T - Mo A

— o — * + Gplu? . 2md .
m® = A

A
+ 2

It has already been stated that B, E are not independent constants; by theory we

have B = 1. E2,
Mo

A comparison of the values of B and pE? as given in the table, p. 876, shows that
this last condition is, with few exceptions, very nearly fulfilled. The chief exception
is in the case of essence of lavender, where B is *000027, whilst wE? is ‘000065, but
this is sufficiently accounted for by the smallness of B, and the consequent smallness
of = and B, which makes a small error in the determination of 8 important relatively
to the magnitude of B. The large differences in the last four pairs in the table on
p. 876 may be due to terms of the third order in E, but these sets of experiments are
not very accurate, the contact of liquids and solids being irregular in character. Of
the two constants, Fi is determinable with much the greater accuracy, since the
variations from FresNer’s formule, which are given by all the constants = zero, are
much greater for the phases than for the intensities, but it is not easy to say what
weight should be attached to each determination. I myself should prefer to rely
solely on the value of E, and thence calculate B; this will not very much alter the
cos? (i, + ¢ ..
e E@Z i i—% This 1s
confirmed by the experiments of Kurz on flint-glass in air (p. 871), where FRESNEL'S
formula is seen to give nearly as good a representation of the intensities as the
theoretical formula and that of Cauvcny.

values of tan?®w, which are chiefly determined by the values of
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878 MR. G. A, SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

The only experiments bearing on the relations between the constants for reflection
from either of several pairs of media are those of QuinckEe for flint-glass—air, flint-
glass—water, and crown-glass—air. These experiments are very irregular, as shown
by the very large ¢ probable errors” occurring in all except the first. QUINCKE
himself admits that he could not attain to the accuracy of Jamin and even of Kurz,
and, as already stated, in order to make Cauvcmy’s formulee fit at all, he has to use a
different value of p from that which is determined in the ordinary way. Ior
instance, for flint-glass—air he uses 1609 in place of 1'6160, for flint-glass—water
12312 in place of 12096, and for crown-glass—air 1510 instead of 1'515. He gives
several other sets of experiments in addition to these, but they consist of few
observations and are very much more unreliable still.

As stated above (p. 877) A, B should be the same for the two sets of experiments
on each pair. In the case of A this is certainly not true. For flint-glass—air and
flint-glass—water they are of opposite sign. The determination of A depends almost
entirely on the extreme terms of the series of observations, for it is multiplied by
cos (i, -+ 2;), which is very small for the middle terms. Now the extreme observations
in these experiments of QUINCKE'S show very large errors indeed, in some cases of
more than a degree in =, and are not to be much relied upon. The entire extinction
of A would not make a difference of more than a few minutes, and if we decide to
retain it, little stress can be laid on its not satisfying the theoretical conditions.™

The case of B and E is much more important, as the deviations from FrRESNEL'S
formulee depend on them to a first approximation.

* On the Acouracy with which the Constants are determined.
The expressions on p. 860 give

Ow __ sty sin 7; cos iy cos 7 Ow __ sin%, sin% cos i, cos 1, cos? 2 .

= cos®w, L= cotw,
OA 2 cos? (4y — 7;) oB 2 cost (1; — 4,)

06 sin? 6 08 _ sin2é

éF: - siny, cosi;’ oE 2R

Let us consider the effect of small errors of 10" in =, and of }/\ in 8, say for a glass such as that nsed
by Kurz (p. 871) at an angle of incidence of 60°. For this angle = is about 4°, é is about £\ or 150°.
We find

Ow . Ow = o¢ . 06 .
=125, X =915, = —6067, - = —o8b
0A oB oF ok

dw, dé being mcasured in radians.
The cireular measure of dw — 10’ - is *0029, that of dé — 010 of g or 1° 8" — is0200.

Thus,
de = 10" cculd be produced by dA =023, or by dB = 0032,
and
a6 = 135 of I\ could be produced by dF.= — ‘030, or by di = — *0035.
Thus,
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The values of B, E for the three pairs, are

Reflection from flint-glass in air B =-00533, E= + 0562, u,E = + 0908

’ ,, air in flint-glass 0050, — 0861, — 0861
. ,, flint-glass in water ‘0120, 40737, -+ 1186
- ., water in flint-glass ‘0100, — 0751, — 1004
” ,» crown-glass in air 00040, -+ 0118, + 0171
' , air in crown-glass ‘00111 — 0250, — 0250

Heve py, of course, is the absolute refractive index of the second medium. It will
be seen that the relations B = B’ and p,E = — (n,E) are satisfied with fair accuracy
for the first two pairs, whilst for the third they are only of the same order of
magnitude.

According to Cavcry and JamiN the ellipticities ¢, ¢ in such cases ought to
satisfy the relation — €//e = u,/u’;. These ratios — €/e are 1741, 1:244, and
3:446 instead of 1'616, 1'210, and 1'515, and the agreement is less than for our
theoretical formula.

Of course it has throughout been assumed that the nature of the film of transition
is the same in both sets of experiments. The outstanding difference from agreement
may possibly be due to a change in the film. Drupk (‘ WiEp. Ann.,” 38, p. 35) by
observations on cleavage faces of calc-spar has shown that there is in that case a
gradual change in the elliptic polarization during exposure, so that part of the effect
ab least must be ascribed to condensed air or dust, and it is quite possible that such
a layer would be affected by atmospheric conditions.

Without some assumption as to the law of variation of refractive index in the
layer, there is no relation between the constants for sets of media other than
those given above. Theoretically CAucHY’s constant €, for reflection from medium

€3

(1) in medium (2) should satisfy the equation 2‘1 4 " + iﬁl— = 0, but this is very
: 1 3 3

A is determined with an accuracy only about 1 that of B,

and
1 "
r tH) i 2] ’ 9 3 k.

In the experiments of Kurz just quoted, the * probable error” of = is about 35’, that of & about ‘0060
of 4\. Hence, in this case the accuracy for B is only about ‘0021/-0112, or % that of E.
But in most cases the disparity is not so great.

The last constant I is of the second order in —2—;@, and in most cases is only from ;g55th to J5th of X

the exceptions being fluorspar—air 5, essence of lavender—air 1, and flint glass—water and crown-glass

—air, 3—1. In the case of essence of lavender E is very small. The last four pairs involve the most

inaccurate measurements of all those considered. The effect of I is to make the polarizing angle differ
. 115 ) . .

from BrewsTER’s angle by an amount 2 XL F radius or =—2£L T degrees; this for realgar is about 3°, for

o Ho
flint-glass—water about 13°, for most other substances %;° or so. As it iz unlikely that the polarizing

angle can be determined with an accuracy of 1 minute of are, it is clear tkat F is known only roughly.
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880 MR. G. A. SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT.

far from being the case. 1In so far as no such relation exists for our theory, it has the
advantage over CAUCHY’S.

Let us now consider the values of D, I in greater detail ; by p. 836 the values of
these constants are, leaving out of account terms in (2md/\)3,

2 _— 2 . 2 2,2
D=op, =AM o gy ATt O’ 2
My U™ = Hy” A

1 . .
where A, ¢ are the mean values of p?, e for the variable layer respectively.

We have

. ) 1 d 7 2N o 2
A= g =+ G = j . <M - <M - ;> da.

('“ - %> <M - B;N‘) vanishes, when p == p; or u, (of course values of p < 4 1 do

\
not occur), it has an algebraic minimum — (u; — po)? for the value of u = /(up),

is negative for values of p between p, and pu,, is positive for values either less or
greater than both p, and p,.

Hence if p for the variable layer lie between p, and w;, A — p? — u,? 4 Gpe’p,®
is certainly negative, if outside those limits, certainly positive. In any other case
nothing can be sald @ priore as to its sign, unless indeed the law of variation of w in
the variable layer be given.

If then p lie between p, and g,, E will be positive or negative—and the same will
be the character of the reflection in JAMIN'S sense—according as the first medium is
the more refractive or the less. And the reverse holds when u is outside the given
limits.

Now Jamin’s and the other experiments show that the reflection is in most cases
(but not in all) positive or negative according as p,/m, is greater or less than 1-46.
In these cases, we are at liberty to suppose that for positive reflection, that is,
when p/p, > 1'46, p for the film < p;, and that for negative reflection, when
py/pe < 146 (but > 1) u for the film > u,. This shows that when the second
medium is air (as is tacitly assumed by Jamin, otherwise the critical value might be
different), the refractive index of the films is, for some parts at least, > 1'46, and
less than 25 or so, or perhaps we ought more properly to say that the average
refractive index is between those limits. KunDt has shown that the refractive
index of colcothar, or red oxide of iron, which is a common polishing material, is
about 266 ; that of chalk, I suppose, would be of the same order of magnitude as
for calc-spar and arragonite, that is, about 1'5-—1'6. A. glass surface, with lumps
of such polishing material embedded in it, might be expected to behave as if coated
with a film of average refractive index between 1°5 and 2'5, and thus certainly give
positive reflection. Of course it has not been proved that u for every part of the
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film must lie between the above limits, this is ()n]y a sufficient, not a necessary
condition.

There is another point to be considered, the magnitude of 2#xd/A. It was shown
(p. 857) that if 2w d/\ be less than the reciprocal of the greatest value of p for the film,
2py /“10¢A

pmax.

the expressions found will be convergent. It follows that | D | < -

20, 20 (1.2 2y

|E| < 2p0 ,A’*'l"o,“q(;r (i;1 + o) |
# max. P17 Mo )

These are the limits which the absolute values of D, E must not exceed. Consider,

for instance, the case of water-flint-glass, for which u,= 1336, u,=1616, | E | = ‘075.

If p lies between p; and pg, then p max. = u, = 1'616 ; the greatest numerical
value of A — p® — u® + ap’uy® occurs for p = /(pgp;) throughout, and is (u, — p,)?
(see p. 880) or (-28)> The greatest value of > ~ A is given by u = p, and is therefore
pe® — m” Hence we must have

2 x 1616
1616 <25 [ Bl <=

2 x 1616 (28)*

D] < 1616 (1616)* — (1-336)°

-2
<2 X 995 < +190.
If p > py, p max, = 2°67 (about the greatest value of p known for a transparent
substance) the maximum of u,*~ A is (2:67)*— (1'336)%, that of A — p? — 4 ap e,

{z 67 — Qﬂ@f} {2'6’7 - d.ﬁéﬁ)f} Hence

267 267
. 2 x 1616 (2677 — (1936)° _ 3232 535 _ ., .
D1 <=5e ey = assep < 267 "oss< 774
2 x 1616 {(267) — (1616} {(267) — (1336)°} _ 8232 452 x 535
|1 | < 22616 (0T~ (LOL6R) (267 — (L336p} _ 8282 452 x 595 _

2:67 (267)2. {(1616)°— (1-336)°} 267 713 x 0-83

These expressions show that it is possible (or at least probable) to satisfy the
conditions for convergence by conceivable values of u for the layer. And since these
upper limits for | D |, | E | are much wider on the second supposition, and rather
close to the actual values of | D | ,* | E | on the first supposition, there is a very
distinct presumption in favour of the second, namely, that the average value of u for
the variable layer is greater than 1'616 (and less than 2°67). QuiNckE does not state
whether his reflecting surfaces were polished with ferric oxide or not, but this is a
common enough material. Emery also has a higher refractive index than 1616,
so also diamond dust, and some one of these would perhaps be used, chalk or silica
being hardly hard enough for the purpose. ‘

* The retardation of phése of light polarized in the plane of incidence is tan~1 (D cos 7,). WERNICKE
finds that this retardation is at most a few thousandths of a wave-length, so that D is probably less than
‘01, and quite incapable of reasonably accurate measurement. '

MDCCCXCIV.,—A. 5U
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It has already been pointed out (p. 858) that the above supposition would give
a value of d less than that for the red of the first order of thin plates, so that
i0 colours of thin plates are to be expected. The constanis A, .. ., of course vary
with the colour, but their effect, in any case, would not equal that due to variation of
1), and therefore of cos (i, 4 7,) and cos (z, — 7).

[Owing to the secondary importance of the constants A, D, I, and the impossibility
of measuring them accurately, it will be necessary to take account only of K in dis-
cussing the limitations to which any law of variation of the refractive index u in the
variable layer is subject. In any particular case, the law must be such as to make p®
continuous in value throughout the layer and equal to w,* and w,* at the two
boundaries ; and to give to E its experimental value by a sufficiently small choice of
the thickness of d of the layer to ensure convergence of the series for the displacements.
Besides, u? must nowhere be less than 1, and nowhere greater than about 10, this last
representing the greatest value of u? known to exist for a transparent substance..

The Jaw of variation must involve at least two disposable constants in addition
to d.

If the law is to be a general law, so as to include every known case, then it must
be capable of making E positive and negative, corresponding to positive and negative
reflection. That is, u* must be capable of maxima or minima. For example, the law
of variation discussed by Lord Ravieica (°Proc. Lond. Math. Soc.,” XI., p. 51) will

not satisfy this condition. In this case, we have p = Jfoj;;, x being the distance
1%
[42
. . l — — 2md
from the first face of the variable layer ; this gives N Y Ty e
@ 1 mt g A

which is always positive when the second medium is the more refractive. ~ Hence,
Lord Ravrerem’s law will only explain positive reflection.

If the first medium have a refractive index 1, then p® must have a maximum to
give negative reflection.

If the second medium have a refractive index equal to the upper limit, that is
3 or 0, then p? must have a minimum in order to give negative reflection.

In addition the general law must make E vanish, that is, p,® 4+ pe® = A + po’m* &,
when g, = 1, g, = 1'46 or so, in order to explain JAMINS results.

Tt follows from GrADsTONE and DALE'S experiments, and others of the same kind,
that the law of variation of u? may be of the same form as that of the density. The
effect of capillary forces will be to make the density vary near the surface of a liquid,
possibly also of a solid. A somewhat problematical investigation of the law of
variation of the density in the transition film between a liquid and its vapour is
given by J. CLErk MAXWELL, in his article on Capillary Action, in the * Encyclopadia
Britannica’ (9th Ed.), which gives the density of the variable portion an exponential
function of the distance from the surface. If such a law represent the actual
circumstances, then negative reflection must be ascribed to adventitious films of dust
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or condensed gases. It is worth noting that water, which gives strong negative
reflection when its surface is covered with grease to even a small amount, when
perfectly clean shows hardly any elliptic polarization by reflection (Lord RAyLrEercH,*
RonteeNt).  Again, various specimens of glass, whose surfaces have been repeatedly
cleaned by a method due to WERNICKE, of removing the polishing material by an
adhesive coating of gelatine, show much greater positive reflection than when polished
with oxide of iron or oxide of tin (WERNICKE, ¢ WiED. Ann,” 30, p. 402, and K. E. F.
Scamipr, ¢ Wrep. Ann., 51, p. 417, and 52, p. 75). It is clear that the effect of a
highly refractive surface film, either of grease or of polishing material, is to produce
negative reflection which is superimposed on the effect due to a gradual transition
between the ether inside a body and that outside. This latter we should expect
to depend on the same causes that produce dispersion and absorption (ScEMIDT,
loc. cit., p. 89). Dispersion is taken account of through the refractive index. The
absorption effect can be conveniently treated by supposing the refractive index every-
where complex of the form (1 4 ). The distance in which, by absorption, the
amplitude is reduced to 1/e of its original value is A/2mpe. In a metal this distance
may be as little as 1¢55th of a wave-length, in a very transparent substance such as
glags it may be as much as 100,000 wave-lengths. These values would give
e = about 100, about 556500 respectively. In the one case € is large, in the other
it is very small compared with 27d/\, which must be less than 4. In considering
such substances as glass, we may take account of quantities of order e, but may
neglect all of higher order.

The effect of absorption on the values of A, B, F, is of order e. 27d/), and may be
neglected. The effect on D, E is of order e

The new value of K is

A —p?— u?+ G ulu?2md
o ‘I~"1 Ho" M ______}_2&1 (61_60),

—_ 9 ;
Fo o A !

where ¢, € are the values of e for the first and second medium respectively. No
term of order e due to the film itself occurs. Hence any small degree of opacity in
the film changes the retardation of phase, if at all, by a whole number of wave-
lengths. WERNICKE (f WIED. Ann., 51, p. 449) finds that whilst there is normally a
retardation of phase of L wave-length, when light is reflected perpendicularly in glass
from an opaque layer of silver closely adhering to the glass, yet the presence of a trace
of dust or air between glass and silver suffices to produce instead an acceleration of
phase £ wave-length.

If the more refractive medium be also the more absorptive, as is generally the case,
absorption increases positive reflection (since €, > ¢) ; and of two substances having
the same refractive index, the more absorptive will show greater positive (or less

# ¢ Phil. Mag.” (5), 33, p. 1.
1+ ¢Wirp. Ann.,” 46, p. 1562
5U2
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negative) reflection, when they are placed in contact with the same third substance.
This agrees with the conclusion arrived at by ScaMIDT (loc. cit.), from his experiments
on various crown and flint-glasses.—July 20.]

The above experiments are sufficient to test the accuracy of the theory, which
merely assumes the existence of a film of transition, without entering into the question
of its origin and constancy ; whether it be due to a surface property of the medium—
a kind of capillary effect—or merely to an adventitious film of dust or of polishing
powder, is of no consequence as far as the theory is concerned, its existence is
the crucial hypothesis, and of that existence there can be no doubt. The theory does
however point to the idea that the film may be, in part at least, of adventitious
origin.

This is confirmed by the experiments of DrRUDE already mentioned, and those
of Lord RavreicH on the reflection from pure water surfaces (‘B. A. Repts.,” 1891,
p. 563), who finds that perfectly clean water reflects only +4's5 of perpendicularly
polarized light found by JaMIN, so that its ellipticity is only about 5 of JAMIN's
value. The darkness of the band observed in the analyser at the polarizing angle was
disturbed by a small trace of olive oil applied to the surface and producing a thin film.

§ 12. Conclusion.

We may sum up the results of the preceding discussion as follows :—

(1.) A rigid elastic solid theory, proceeding on the assumption that the velocity of
the pressural-wave is much greater than that of the light-wave, will not explain the
experimental results, whatever be the refractive index for the pressural-wave.

(2.) Lord KELVIN'S contractile ether theory and the electromagnetic theory in
Herrz's form, lead to the same equations, containing three independent constants (of
which two have little effect, except at a distance from the polarizing angle) ; and these
equations agree with the experiment rather better than CAucny’s empirical formulese
containing, as used by JAMIN, one constant, ¢, and as used by QUINCKE, two con-
stants, e and u. At a distance from the polarizing angle FRESNEL’S expression for
the intensity is sufficient.

(3.) Whilst CavcHY’S constants, €, have been found not to satisfy the theoretical
conditions assigned by JAMIN (so that CaucHY’s formula must be regarded as an
empirical one), the constants of the above theoretical formulee satisfy the conditions
theoretically deduced, as nearly as is to be expected, considering that the whole effect
under discussion is itself but a small correction.

This last conclusion as to the possibility of a theoretical explanation of the
phenomena of reflection based on the existence of a film of transition is at variance
with the result arrived at by M. H. Bouasse from a critical examination of the
theories so far proposed. (See his paper in the ¢ Annales de Chimie et Physique’ for
February, 1893, p. 145.) ~
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Diagram of the difference of phase of the components of Light reflected in Air from Diamond
(according to JAMIN'S experiments).

The black line is the theoretical phase curve; the crosses represent JAMIN'S experimental results.
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Diagram of ratio of intensities of Light reflected in Air from Diamond (according to JAMIN'S
experiments).

The black line is the theoretical curve; the crosses show JAMIN’S experimental results.
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